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THE TANGENTIAL CAUCHY-RIEMANN COMPLEX ON SPHERES ()
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G. B. FOLLAND

ABSTRACT. This paper investigates the 9j; complex of Kohn and Rossi on
the unit sphere in complex n-space (considered as the boundary of the unit ball).
The methods are Fourier-analytic, exploiting the fact that the unitary group U(n)
acts homogeneously on the complex. We decompose the spaces of sections into
irreducible components under the action of U(n) and compute the action of 3, on
each irreducible piece. We then display the connection between the 3, complex
and the Dolbeault complexes of certain_line bundles on complex projective space.
Precise global regularity theorems for 3, are proved, including a Sobolev-type
estimate for norms related to 3. Finally, we solve the 3-Neumann problem on
the unit ball and obtain a proof by explicit calculations of the noncoercive nature
of this problem.

I. INTRODUCTION

The tangential Cauchy-Riemann complex, or 31’ complex, is a complex of dif-
ferential operators living on the boundary of a complex manifold which arises as
follows. Let M be a complex manifold of (complex) dimension n with smooth
boundary bM, embedded in a slightly larger open manifold M'; we assume bM is
defined by the equation R = 0 where R is a (™ real-valued function on a neigh-
borhood of &M with R < 0 inside M, R > 0 outside M, and dR # 0 on bM. Let
A" be the vector bundle of differential forms of type (i, j) on M, and let éii be
the sheaf of germs of sections of A% over M which are smooth up to the boundary,
i.e. which are restrictions of smooth sections over M'. Since dR £ 0 on bM, the
set of all £ ¢ @iinijM of the form &= 6 A JR is a subbundle of .Qiinqu
which we denote by I(JR) (for ‘‘the ideal generated by 9R’’). Let BY be the
quotient of A7|6bM by (A%|bM) N I(GR), and let B be its sheaf of germs of sec-
tions. Then if C¥ denotes the subsheaf of AY consisting of germs of sections
whose restriction to bM lies in I(dR) (so in particular g"" consists of germs of

sections of A0 vanishing on bM), we have the exact sequence
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(1) 00— _Cij—-) éii—b I_Bi]-—» 0.

The sheaves A¥ form a complex via the Cauchy-Riemann operator 9:

(2) 0 4109, 411 0, 3, 4in_, g,

Since 9z A AR) = du A IR, HC?) c C'U*D). Therefore, by the usual diagram

chase, there is induced from (1) and (2) a complex

(3) OqBio_ab_’Bilj_b_'._._ai’ Bitn=1)_, o

the ab complex. It is easily seen that the 0 complex is independent of the
choice of R, up to isomorphism. Although the ) complex is elliptic, the 8 com-
plex is not; in fact, the cotangent vectors 1(8 J)R are characteristic at each
point.

We assume from now on that M’ carries a hermitian metric. We denote the
pointwise scalar products with respect to this metric by pointing brackets ()
and the global (integrated) scalar products by round brackets (, ); thus (z, v) =
[(u, v). We further denote the L2 norms with respect to (, ) by | | and the
Sobolev s-norms by | ||,.

B may now be identified with the (pointwise) orthogonal complement of
I(3R) in A%|bM, and the operator 6 is defined as follows. If € I'(B) (I will
always denote spaces of global secuons) let «' extend u smoothly to M'. Then
abu is the orthogonal projection of du’|bM onto BU*1) and this definition is
independent of the extension u'. We may also define the formal adjoint bb of ab
by (bb u, v) = (u, 9, v), which yields the adjoint complex

0 Bio ‘E Bil ‘_bi ‘E Bitn=1) o
and the Laplacian Db = 51: bb + bb gb’

The tangential Cauchy-Riemann operators were studied by H. Lewy [10] in
the case n = 2 in connection with the problem of finding a holomorphic function
in a region of C? with given boundary values. This work was later extended by
Kohn and Rossi [9], who formalized the notion of "517 complex.”” Meanwhile,
however, Lewy had been led by his work to the discovery of a smooth differential
equation which is not locally solvable [11], which has had vast repercussions in
the theory of parual differential equations (cf. Tréves [16]). In fact, Lewy’s

example is the (9 operator for a certain strongly pseudoconvex domain in c?,
and it can be shown from Hérmander’s criterion [16] that the ab oper ator for any
strongly pseudoconvex 2-manifold is not locally solvable.

If M is compact, the 55 complex on bM is intimately connectec_i_with the
d0-Neumann problem on M. A form u € I'(A") is said to satisfy the d-Neumann
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boundary conditions if u|bM € T(B™) and du|bM € I'(B'U*1)), A simple argument
by Stokes’ theorem shows that these conditions are equivalent to the requirement
that (z, 9v) = (%u, v) for all v € I‘(g\_i(j'l)) and (511, 9v) = (89u, v) for all

v € T(A"Y), where 5 is the formal adjoint of 9. If we form the Laplacian [ ] =

9% + 59, the 9-Neumann problem can be roughly stated as the problem of solving
the equation [ Ju = v where u satisfies the 3-Neumann conditions. More precisely,
the restriction of [ ] to the space of forms satisfying the 8-Neumann conditions
is a positive hermitian operator which has a natural extension (the Friedrichs
extension) to a selfadjoint operator; the 9-Neumann problem is the analysis of
this operator.

The §-Neumann problem is a noncoercive boundary value problem; that is,
one does not have the estimate ||u||§+2 <c(idu) 2+ "u"i). However, Kohn [6]
(cf. also Kohn and Nirenberg [8]) has shown that under suitable pseudoconvexity
conditions, the estimate ||u||_3+1 < (T« g + || :) holds, and that in this case one
obtains existence and regularity up to the boundary, hypo-ellipticity, finite-dimen-
sionality of the harmonic space, and other nice properties. In particular, this
leads to a Hodge decomposition for the E) complex, which has important applica-
tions to the theory of several complex variables.

The 5b complex is the boundary complex associated to the 9-Neumann prob-
lem in accordance with Spencer’s general theory of Neumann problems for over-
determined elliptic systems (cf. Sweeney [15], also Kohn and Rossi [9]).

The 8_b complex is important for another reason. Under suitable pseudocon-
vexity conditions, the Laplacian E'b has been shown by Kohn [7] to satisfy the
“Y-estimate’’ |u|| ,2/2 <clTyw w) + |u %), Operators satisfying such *‘subelliptic”’
estimates have many of the qualitative properties of elliptic operators, such as
regularity of weak solutions and compactness of the Green’s operator (cf. Kohn and
Nirenber g [8]), and they have recently attracted considerable attention from
Hérmander, Egorov, and others. Db is the best-known example of these opera-
tors and is thus a good starting point for work in this area.

It is our purpose here to investigate in detail the case M=B =
{z € C™:|z| <1}, bM =S _={z € C":|2z| = 1}. Tn this situation the d, complex
has an added significance: it is the prototype example of the ‘‘transversally
elliptic’’ operators currently being studied by Atiyah and his coworkers. An op-
erator on the manifold X is said to be transversally elliptic with respect to a
group action on X if it commutes with the action, and the cotangent vectors
orthogonal to the orbits of the group are noncharacteristic. In our case, the circle
group S, acts (as a subset of C) by scalar multiplication on Sn, and the charac-
teristics are precisely the cotangent vectors to the orbits of this action.

We shall restrict our attention to forms of purely antiholomorphic type, i.e.
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1= 0. All the essential features of the situation are present in this special case,
so we will lose no interesting information while gaining considerably in notational
simplicity—a boon for which the reader will soon have cause to be grateful. In any
event, it will be clear how to modify our procedure to obtain analogous results for
i>0.

Let us take a closer look at the operator gb on § . We take R =r-1, where
r= (Z'{ za;a)% is the distance from the origin. Let [ € (B°%) be a function on
S, and let /' extend [ to C". Then gb/ is the restriction to S_ of

5/' - ((5/ ', 9r)/{ar, ar)) dr

a=1 b=1 tﬁb b=1 2r a=1
(L 25 d e
= a
a=1 aza r2 b=1 azb

since (dz, dz,) = 28 _,. When we restrict to §_, of course, we may neglect the

factor of r2.

In particular,

n
9,%,=d%,~%, ) z,d%, =dZ - 2% r

a=1

The forms 0_ Z,; will be of fundamental importance, and we denote them by Ci'
Since {d? /\ -ee Adz, AL .<i} is a basis for A% at each point,
{g A... /\ g < z]} spans B% at each point. It is not a basis, of

course the ¢ p sausfy 37z,¢,=0.
We can now write down the general formula for 8 For functions, with f, f'

as above,

3/
Z dz —z‘; ; “az
—Z Z a—z:—/ d’a

i,a

= ﬂ: zZ, -z z z = -a-—/—
T () Do

E)b now extends as a derivation in the usual way:
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gb( Z i
i1<--'<i]‘

'iiéil Ao A 41‘,‘)

1ttty D! j

2 Ofii NG N AL,

8/'

aa"c A Aees A

™M
M

where / ipeeei extends /ilmi"

Our program will be to make a detailed study of the 9, » complex by exploiting
its symmetry with respect to the unitary group U(n). The sphere S, is a homo-
geneous space, S = U(n)/U(n - 1), and all the vector bundles B% are homoge-
neous bundles since U(n) commutes with d and preserves the radial function r.
For the same reason, U(n) commutes with 6 We will therefore obtain information
about 8 by decomposing the spaces of sections under the group action. This
decomposuxon is accomplished and a formula is obtained for the eigenvalues of
the a—b complex in Chapter II. In Chapter IIl we show how the decomposition
under the circle action relates the d, complex to the Dolbeault complexes of line
bundles over CP”~!. We then derive in Chapter IV the global regularity results
for b—b in a more precise form than can be obtained from the general estimates,
and we prove a Sobolev-type theorem for norms related to Db' Finally, in Chap-
ter V we combine these methods with the theory of Bessel functions to solve the
9-Neumann problem on the ball B by eigenform expansions and obtain a rather
striking demonstration by explicit calculations of the noncoercive nature of this
problem.

The author wishes to express his gratitude to J. J. Kohn, E. M. Stein, and
D. C. Spencer for their invaluable advice and encouragement while this work was

in preparation.

II. GROUP REPRESENTATIONS
(DECOMPOSITION OF THE ab COMPLEX)

1. Preliminaries. We shall assume the basic theory of unitary representations
of compact groups as presented in Stein [14] or Weil [18). In addition, we need
the notion of induced representations. If G is a compact Lie group and H a
closed subgroup, and p is a unitary representatlon of H on a Hilbert space V,
we may form the homogeneous vector bundle Vov xy G on G/H with fiber V;
then there is a natural representation of G on sections of (% given by (gs)(x) =
gls(g™ 1)1 Let p be a G-invariant measure on G/H (which always exists for
compact G), and let L 2(’\\/J, @) be the completion of (V) with respect to the
scalar product induced by p. Then the representation of G on l"'(?/’) extends to a
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unitary representation of G on L 2(’\\;, @) which is called the induced representa-
tion of p and is denoted by i(p). The fundamental fact about induced representa-

tions is the following:

Frobenius Reciprocity Theorem. Let G be a compact group, H a closed sub-
group, o an irreducible representation of G, and p an irreducible representation

of H. Then o occurs in i(p) with the same multiplicity as p occurs in o |H.

Proof. See Weil [18, §23]. (Note. Here, as in other places, we identify the
notions of ‘“‘representation’’ and “‘equivalence class of representations’’ par abus
de langage.)

Now S = U(n)/U(n - 1) where we think of U(n — 1) as the isotropy group of
the base point z;=(0, 0,:-+, 0,1), that is, we embed U(n — 1) in U(n) by
A (g (l))’ and we take as invariant measure the natural measure on §, induced
from C”. Since U(n) preserves the form dr, the bundles B are homogeneous
bufdles. Moreover, since Zé_rlzo = dz—n|zo, the fiber B°j|zo is just the span of
fa'zi1 Ao A d;ijlz(): i <..e< i;<n- 1}. Therefore the representation of
Un - 1) on Bojlz0 is just the jth exterior power of the representation on the
antiholomorphic covectors on C”~!. This representation, however, is the conju-
gate of the representation on the holomorphic covectors, which in turn is the con-
tragradient of the standard representation on C”~1. Since contragradient is the

same as conjugate for unitary representations, we have the following proposition:

Theorem 1. Let B be the Hilbert space completion of T(B%). Then the
representation of U(n) on B’ is the induced representation of the jth exterior

power of the standard representation of Uln — 1) on C?~1.

In order to analyze the spaces B’ we need more specific information about

representations of the unitary groups.

2. Representations of U(n). We present here a brief outline of the representa-
tion theory of U(n) as developed in Boerner [1] and'Weyl [19]. For details and
proofs the reader is referred to these treatises, especially to Boerner.

The irreducible representations of U(rn) are classified by n-tuples of integers
(ml, cee, mn) with m, >m,> ... >m_; the representation corresponding to
(m,,+++, m,) will be denoted by p(m, -+, m ). These representations may be
described in the following way.

First assume m_ > 0. We may then form the Young diagram of the n-tuple
(ml, RN mn), which is a semirectangular array of boxes with m , boxes in the
first row, m, boxes in the second row, - -, m; boxes in the ith row. For example,
the Young diagram of (6, 5, 3, 1) is
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The standard tableau is obtained by putting the numbers from 1 to Z'lzml. in the

boxes in order along the columns, for example

1 5 8 11 13 15

The standard tableau defines an element T of the group ring of the symmetric
group on Xm_ letters as follows. Let o denote any permutation of (1,-.--, Im)
which leaves the rows of the tableau invariant, i.e. which interchanges only num-
bers occurring in the same row. Likewise, let 7 denote any permutation which
leaves the columns invariant. Then T = Er Za(sgn 7)70. It can be shown that T
is idempotent up to a constant factor.

Now U(n) acts on the tensor space Qz"icn by the Emith tensor power of
the standard representation on C”. On the other hand, the symmetric group, and
hence its group ring, acts on Rr"icn by permutation of indices. The element T
thus defines a projection (up to a constant factor) on ®2™iC" whose range
V(ml, oo, mn) is an irreducible invariant subspace under the action of U(n).
The representation of U(n) on V(m ..., mn) is plmy,e--, mn).

Several remarks are in order at this point. The effect of the ‘*Young sym-
metrizer’’ T on a tensor is first to symmetrize it with respect to the indices
occurring in the same rows of the standard tableau, then to skew-symmetrize it
with respect to the indices occuring in the same columns. (Note that the latter
operation partially undoes the symmetry achieved by the former.) The space

V(m 10 mn) may therefore be regarded as a subspace of
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[®"(N'C™)] @ [R™»—1" (A"~ ICM]® ... ® [R"17™2C"].

In particular, if m;=ccc=m. =1, m, | =eco=m =0, Vim,+oe, m )= Nice,
7 7+ n n

Hence the jth exterior power of the standard representation on C” is

p(1,1,.-+,1,0,0,.--,0) (j ones).

It is now easy to see that

0).

p(ml, cee, mn) = (det:)m"p(m1 — My m, —m
We therefore take this equation as the definition of p(m,.--, mn) in the general
case. It can then be shown that {p(m , -, m ):m,€Z, m >-.->m} forms a
complete set of inequivalent irreducible representations of U(n).

The contragradient or conjugate representation to p(m,+++, m ) is

p(— Myyesey = m,). In particular, the contragradient to p(1,0,-..,0) is
p(0,--., 0,-1) = (det)~ 1 p(1,---, 1, 0); the reader will recognize this fact as
nothing more than the relation between the (n — 1) x (» — 1) minors of a matrix
and its inverse transpose. Now consider a representation p(m,---, mn) with
m,<0, m_ _,>0. This may be regarded as acting on a subspace Vim oo, mn)
of

[®mn——l-"‘n(/\"_lcn)] ®... ® [®’"1“’"2cn]

via (det)”” times the standard representation on this space. But by the preceding
remarks, A=1C" with the action (det)"lp(l, «++, 1, 0) is isomorphic as a

*
U(n)-module to C” , the dual space of C". Therefore we may regard V(m pret mn)

as a subspace of
[®C* 18 (@™ (A"~ 'cm)
®[@" 2" IATTIC] 8 ... @ (@7 TTC,

and the representation p(m,---, m ) is given by the standard action of U(n) on
this space.

Let e,..-, e  be the canonical basis for C”. Then it is readily verified
that for m > O the tensor

P(my-eeym)
= [®" (e, A---Ne )]

& [®@" 1" Me A he, N®... IR 2 ]
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liesin V(m,---, mn). (One need only check that the Young symmetrizer leaves
it fixed.) Likewise for m, < 0, m, 2 0, the tensor

P(m19"'9m)

n

= (@ "1 ®[Q" e, A it Ne, D@ @RI 2

lies in V(m,---, mn) since e";l corresponds to e; A ... A e, _, under the iden-
tification of C** with A7-1C=, P(m,,+++, m ) will be called the primitive
vector for p(m,---, m,). (This terminology comes from the theory of semisimple
Lie algebras, which applies if we restrict our representations to the simple group
SU(n).)

Finally, we need to know how p(m TERE mn) decomposes when it is restricted
to U(n — 1), This question is answered by the Branching Theorem:

p(ml,---, mn)|'U(1l—1)= @ p(#l’...’#n-l)'
mI2RI2M 2 Dy 12My

3. Decomposition of the spaces B'. We are now ready to decompose the 8b
complex under the action of U(n). The first step is to identify the irreducible
representations occurring in B,

We introduce the following notation: if a, b, -+ € Z and &, koyeee € YAR
(_a_k ’ b, St <) denotes the (kl +hy+oes )-tuple whose first k| entries are a,
whose next kz entries are b, etc. For example, (1 3 = 1, - 22) =
(1,1,1,-1,-1,-2,-2). Naturally we still write @ instead of a, and a, is a zero-
tuple, so (a byse J) =(-b—k’ o)

Theorem 2.
B> @ pg0, ,-p; Bl D ol 1, _,=0)s
£>0,4>0 p>-1,4>1

and for 1 <j<n-2,

Proof. This is just a matter of combining Theorem 1, the Frobenius Reci-
procity Theorem, the Branching Theorem, and the observation that the jth exterior
=7 —n-J— 1)
Thus p(ml, e, m ) occurs in B° (and with multiplicity one) if and only if my >
02---20_>_mn,1toccursm Br- 1fandonly1f my>1>.- ZIZmn,andxt
occurs in %f(lgjgn-z) if and only if m1212‘°'212mj+1202"‘20

>m_. Setting m, =g, m =-— p, we obtain the theorem. Q.E.D.

power of the standard representation of U(n — 1) on C*~1! is p(1 |,
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We shall denote by @ paj (respectively ¥ qu) the subspace of B/ corresponding
to the representation p(g, 1 ., 0 ,» — D) (respectively plg, 1 0 -

= Zn—j— Sj-1 Zp—j-1

0 -1
Thus B° = epZO.q?.Oq)pqO’ Br-1 - ®p2-1,q21‘ypq(n—l)’ and B’ =
®p.>. 0.4> 1[¢qu ® ‘qui] for 1 <j<n- 2. Our next task will be to identify these
subspaces explicity.
Recall that the space V(g,1,,0 , ,,-p) (g>1,p>0,0<k<n-2) on

n—k_p — D) acts is a subspace of

which p(g, 1,, 0

Cpar = [®C1 @ [AF*1 " @ (@7 ' C7);

likewise V(0 |, p) is a subspace of Cpoo=®pC"* and Vig, 1, _,) is a sub-
space of
n -1
Clegtn—2) = [A"c"1® [®7'cm).
We define linear maps F, :C, .— B/ and qu].: Cpq(]._l) — B7 as follows. If

i bqj’ " paj
te : 1 <i<n} is the canonical basis for C”, then

{e;1®~--®e;p®(eblA ---/\ebkﬂ)@e ® - ®ecq_1:

1<a.<n 1<b <+..-<b

i =0y g+1 S 1<c,<n}

is a basis for Cpak (p>0,9>1), and
{eh ® - ®@ey 115, <nb,

cq-l: lgcign}

{(eI/\... /\‘ en)®ec1® .o .@e

are bases for Cp00 and C( ) respectively. F i and qu]. are defined

- 1)g(n-2 b

on these bases by

)®e. ® - ®e )

qu].(e;1®---®e:p®(eb1/\'--Ae . caot

bj+1
jtl

= - i-lg ;
a ce zapo]_ cee qu_[ ;1 (— I) zbiébl Ao gbi... A ij+1’
i

Gpafes, @ - @ey ®le, AeeAe)®e ®--®e. )

=zal...zapol... ch—lcl/\.../\éi

for ¢g>1, p >0, and
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* “oe * = e Z .,
FPOO(e“I ® ® e“p) z“l ap

G ((el/\"'/\en)®ec1®"'®e )

(-1)a(n-1) cq-1

~

n
=Z  ees ch-l Z(_l)”"zigl Aeee Lieee NC
i:].

1

Theorem 3. F, |V(q, 1,0, i »- p) and G, lV(q, 1, 0, ;i 12— D) are
nonzero and commute wztb the action of U(n). Tbere/ore (by Schur’s lemma) their
ranges are qu. and ‘I’ ;7 respectively, and they are isomorphisms of irreducible

U(n)-modules.
|vig, 1 0 . ,=P

=j-1 “n—j-0

Proof: We see that F, IV(q, 1,0, : » -p) and Gpai
are nonzero by observing that the primitive vectors P(g, 1 1,0, ; 55— p) and
Pla, 1, 10, pali-17
and their i 1mages are clearly nonzero. Showing that qu]. and qu]. commute with

~ p) are among the basis elements for Cqu and C

the action of U(n) is just a matter of unraveling the definitions. We observe that
the action of U(n) on the coordinate functions z; is the contragradient of the
standard action on C”, and the action on the conjugate functions ;i and their
differentials d?i is therefore the standard action on C™. Moreover, the action on
the s is the standard action on C” since {,=dz, - 2?1.51 and Jr is invariant.

Finally, the mappings taking ey, AeevNey to Cbl Ao A éb~ or
i 7

7 N
Z(_l)z—lzbigbl/\ ébi el A ¢b,~
i=1

preserve the skew-symmetry, as is easily verified. The theorem follows by putting
these facts together with the definition of tensor product representation; details
are left to the reader. Q.E.D.

We define the forms ¢'p i and l,[lqu to be the images under Foai and qu;
of the primitive vectors P(g, 1 1,0, : » —.p) and P(q, L ) Qn_].__l, - p);
thus

i+l R
=z9-1,0 -1i-1lz
Poai= 1 T 2 CDTIELA L A S+l (g21,p30,

i=1

i =291 Ao AE (921,920,

Pro0=z2  (p> 0),

n
~ze-! (_1)1+n§i4’1/\...éi..-/\€n (g>1).

i=1

¢(-1)‘1(n—-1)
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These forms will play a crucial role in our analysis. The rather peculiar definition

of ¢(_ Dg(n=1) is explained by the easily verified fact that

LN AL =2 Z(-l)‘*"zgl ...gl. A
Thus we could also write

—1 -1
Y am-1)= % P SN NG

which is consistent with the definition of the other l/lpq]

4. Further remarks. Let us take a closer look at the space B° of functions
on § . The primitive vectors Bpqo = z zp are the restrictions to § = of harmonic

polynomxals on C”, as the Euclidean Laplace operator is

4 0’
; OZIBEI. ’

Since this operator commutes with the action of U(n), and this action preserves

homogeneity, it is clear that (quo consists entirely of harmonic polynomials of
degree p in the z’s and the degree g in the :z—i’s. Moreover, since the space
H?4 of all such polynomials transforms under U(n) via the representation

plq, 0 0, _, — p) and this representation occurs with multiplicity one in RO, we
see that quo = H?9, Therefore we have obtained a refinement of the usual de-
composition of functions on the sphere into spherical hamonics (cf. Miiller [13]):
we have bigraded the spherical harmonics according to their holomorphic and anti-
holomorphic degrees.

We may make some more interesting observations by considering the special
unitary group SU(n). Since S = SU(n)/SU(n - 1), we could have carried through
all the preceding discussion in the context of SU(z) and obtained the decomposi-
tion of B’ by the representations of this group. Since the irreducible representa-
tions of SU(n) are the same as those of U(n) modulo powers of the determinant,
the results are essentially the same. However, two points deserve mention.

First, the spaces B and B7-! are isomorphic as SU(n)-modules. Indeed,
P00, » ) =)™ plg+ 1L, 5 -(-D)so @, o =¥,y 1), 1y
and this isomorphism is displayed on the primitive vectors by the correspondence

4,0 Z94,0-1
z 1z, ez 7z 41 A oo Agn—l

n
L D CDTEG A b G

i=1

The form
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n
Z(_l)"’"ziél Aews e N,
i=1
is invariant under SU(n) and plays the role of a constant function.

Second, in the case n = 2, we have §_ = SU(2)/SU(1) = SU(2); the represen-
tations p(g, — p)|SU(2) exhaust the irreducible representations of SU(2) with
p(q, — p)|SU(2) = p(g’, — p")|SU(2) if and only if p + g = p'+ q'; and dim p(g, — p)
=p + q + 1 (as is easily verified). Therefore we have recovered the Peter-Weyl
theorem for SU(2): each irreducible representation occurs in the left regular repre-

sentation with multiplicity equal to its dimension.

5. The §b operator. The decomposition of the spaces B allows us to calcu-
late the action of 517 explicitly. By Schur’s lemma, since 51, commutes with the
action of U(n), on each irreducible subspace it must either be zero or an isomor-
phism onto an irreducible subspace of the same type. In fact, we shall have no
trouble in seeing that §b is an isomorphism whenever it can be and is zero pre-

cisely when there is no isomorphic subspace for it to map into.
Theorem 4. ab(d)poo) =0, ab(‘l‘qu) =0, and for p >0, g > 1, ab(cpm) =

q’Pq(i +1)
Proof. By Schur’s lemma, to prove the last statement it suffices to show that

c?b is nonzero on ‘I)pq .. We check it on the primitive vector:

]

it .

gb‘fbqu:a—b E‘lz_lzf, Z (- l)i_lzigl Ao Geee A Cjtl

i=1 .
jtl -

_a39-1,0 z4—-1_0 -1
=qz97 200 N e NG+ ES znZ(—l)' (i/\gll\-nci---/\éiﬂ
i=2

=(g+ P2I7 128 A RV Ve,
=(g+ DY, 410 since g+ 7> 0.

Schur’s lemma also forces the first two statements to be true, but we can now

also see this directly. 51,((1)?00) =0 bec_ause ®_ ., consists of holomorphic poly-

— p0
nomials; 8b(‘{‘(_l)q(n_ )) = 0 because 9, =0 on B~ and for p> 0, g> 1,

1
—_— —2 -
9,(¥,,) =0 because 9, =0 and ¥, .=9,(®, . ;). QED.

Corollary. The complex
F] ) )
0— oL, g1 lh, L 2h g1
is exact at B for 1 <j<n - 2, and the cobomology is ®p>0®p00 at BC and
-1 -
D21 Y- 1yg-n @ B”
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6 Computatioz of the eigenvalues. We have seen that gb(‘l‘p‘”) =

ab(cbpoo) =0,and 9,: @, . —)‘I’M(].“) is a constant multiple of a unitary map
for p > 0, g > 1. This constant is determined up to a complex factor of modulus
one and so can be taken to be real and positive; when so determined, it will be
called the eigenvalue of 5b on (I)pq].. The proof of Theorem 4 shows that this
eigenvalue is (g + j)||¢pq(j+1)|| / ||¢qu". We are therefore faced with the task of
computing the norms of the primitive vectors.

We cannot simply take the norms of the coefficients, for the {; A ... A C
are not a basis, much less an orthonormal one. However, the bundle B % isa sub-
bundle of A ojIS NiT C”IS and this bundle has a nice pointwise-orthonormal
basis for its sections (as a module over the functions), namely {2~ k/zdz A
AN dzij. 1<i; << z]. < n}. We therefore express the ¢’s and i’s in terms
of this basis.

For 2<j<n, 1_<_z'1,-u,i].§n, set

i
. N
= -1)/"%z. dz coee dZ. ees zZ. .
D poni; = EI( 1 ziadzil/\ dzia A dzlj
a=

Lemma 1. TR is alternating in the indices i, .-, ij.
i

The verification is left to the reader.

Lemma 2. 41'1 Aeee NE, = 2'Z-lza @
; =

iloooijao

Proof. Let p= 20r = Z'I’zad?a. Then, using the fact that 21 22a=1L

d

Ao /\{,:(dE. ——E.p)/\(dE. —Eizp)/\.../\(dEij—El.]p)

=dz; A-- /\dz —(z p)/\a" N /\dEij--u-dEil/\---Aa’Eij_l/\(Eijp)

- - i—btl= 2N\ _
=dzi1/\”°/\dzij+ 2(—-1)1 zibdzilf\...dzib.../\dzij Ap

n ] . /\ _ _
+Zz Z(-l)’_bﬂEideil/\uodE. u-/\a'zz.j/\dza

n
=z, Z( DIt dF, Ao dZy o AdE NdZG E AT A NdE,



1972] THE TANGENTIAL CAUCHY-RIEMANN COMPLEX ON SPHERES 97

As a corollary, we have

n
SN ANE=3 20
a=1

n
= Z 201.ja (by Lemma 1)

a=j+1
i ] . A
= D 7| D CDTtNEdz A dE, o A dE A dE,
a=j+1 b=1 !
+E,dE A e NdE,
n
= Y 27, dE A---AdE
a=j+1

n j
; — — N — —
+ 2 Z(—l)"bﬂzbzadzl/\-ndzbn-/\dzj/\dza.
a=j+1 b=1
Lemma 3.

4 . ~ i . A
Z(-l)'-lzigl Ao lione A ¢j=2(—1)'-12id21 Aeerdz;oe N7,
i=1

i=l
Proof. Using Lemmas 1 and 2, we find that
j N
.
S EDTIEL A L A
i=1

n

i Z -0 gz 00
j=l a

a=j+

1o

ll Mu

The formula is then proved by expanding the ’s in terms of the dz’s, collecting
terms, and using the fact that 27z z =1. Q. E.D.
There now follows immediately:
Theorem 5.
i+l A
=41 i1 = 2 -
¢qu= z‘{ zfl Z(_l)z ldzl Aoee dzi ees A dzj+1’
i=1

-4-1,0

.= 2 zZ
l/ltnn 1 n (
a

! . ~ _
+ > -1z z dF A .- dZ, e AdE ADE,
a=j+1 b=1

za3a> d'z'l Aeee A d'Ej
1

3 E.Mx
+
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Thus
7+l jtl
2 gl = T IR = X [l
v n n jtl
0 - [ S 23] 58 prrana
a=j+2 a=j+2 b=1
n
- X fiEtedtee 3 [l )
azi+2 j+2<b<a<n
n i+l
+ Z Zflzq 1zpzz|2
_]+2 b=1

We are therefore reduced to computing integrals of the type [|z%|2 where a
is a multi-index. This may most easily be accomplished by the following bit of
trickery, which was pointed out to me by V. Bargmann and E. Nelson. Consider

I= IC" |z%| 2exp(~|2|?). In rectangular coordinates,

n n
- %i12 _ 2y _ 2w [ oo 2y 2atl
I—IIIL |z, 7|% exp(-|z | )-.I;Ij; fo exp(=7r%)r dr d6.
In spherical coordinates,
=" 2y 2|a|+2n~
l—fo exp(~r?)r lal+2n ldrfsn |z%|2.
Since [T exp(—r2) r2™*1dr = Ym!, we therefore have

f |a2 nn[Z”l/a".] 2r"al
! Y(la|+n-1)! (|a|+n—1)!'

Thus
i+l
6507112 = [fwzﬂtuzﬁzq-lz,
. nh1g1 27" (g - 1)! i*17p 1(g - 1) !
Y 2r°plq v TP i\g _2 mp!i\g g+ ).
(p+g+n-1) (p+g+n-D!| (p+rg+n-1)!

Likewise, keeping in mind that the terms with @ =7 or b =1 in the expres-
sion for || ¢pq(j+l)‘| are of a different form than the others, we find after some

simple calculations that
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24275 1(q - 1)1
(p+g+n-1)

|l¢pq(j+1)llz = ([7 +n-j- 1).

We have now proved the main theorem.

Theorem 6. The eigenvalue of 5}) on q;pq
Yoai =@+ Mg/ @, ll =12(a+ Do+ n—j- 1] 1%

Notice that = Thus in some sense the d, complex is sym-
Ypai = b P y

Yba(n—j-1y
metric with respect to holomorphicity and antiholomorphicity.

ab is a weighted shift operator on @ B’; therefore its adjoint b is also a
weighted shift operator with the same weights but shifting in the other direction.

Thus bb((I)pq].) =0, bb(‘P(_l)q(n_l)) =0, and b, maps L (p > 0) onto

‘qu(j__ 1) Vith eigenvalue Ypq(j-1)y From this it follows that the q)pq].’s and
pq].’s are eigenspaces of Db’ and the eigenvalues of Db are zero on (I)poo and
2 » ’
‘P(_I)q(n_l) and yg . on (I)pq]. and ‘qu(].+1) (p>0,g>1). The ®’s and ¥’s

are also eigenspaces of G, the Green’s operator defined by G, = 0 on the null
space of Db and G, = D;l on the orthogonal complement, and the eigenvalues
of G, are zero on d)poo and ‘I‘(_l)q(n__l) and y;qzj on q)Pqi and ¥
(p>0,9g>1).

pa(i+1)

Theorem 7. 5b’ bb’ and Db have closed ranges, and G, is compact.

Proof. The first assertion follows from the fact that the nonzero eigenvalues
are bounded away from zero. Also, only finitely many of the y;qzj are greater
than any fixed constant, and each of them is the eigenvalue for a finite-dimensional
eigenspace. Therefore G, is the norm limit of operators of finite rank and hence
is compact. Q.E.D.

It should be noted that the closed range property is strictly a global one. If
one restricts to a small open set in §_, the situation may be quite different, as is
shown by the Lewy example (cf. Chapter I).

Let us now form a complete orthonormal basis for @%j. Set q.’ul =
Ppai /”¢qu I, and extend this to an orthonormal basis {(;S‘;q].: 1<a< dim®

. - . a .
for fl)qu’ likewise let {x,b( l)q(n :1<a<dim ‘I’ —1g(n
basis f°‘:" gin- y with g _ m(n_l)—‘/'<_1)q<n-1)/||¢'<_nq<,, - Set
baj ypq(]-l) b¢pq(1 D) for p>0, g2 1; in pamcular, wpq] ¢PQI/|l¢PQJ

Then {‘/l;qj} is an orthonormal basis for ‘I’ . We have 9 ¢pq]

bqj }
_ 1)} be an orthonormal

6 6 yqu;/'pq(Hl)’
9 l/'DqJ =0, b¢p =0, ¢'qu ypq(7-1)¢pq(7-l)’ Db pqj ypq7¢pq1 » and
Db pai ypq(]_l)tﬁpq] Thus {(f)pq] paja {¢Pq1}t>q1a forms a canonical basis
for the ab complex in the sense of Kodaira (cf. Kodaira and Spencer [5]).
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III. FIBER BUNDLES
(CONNECTION WITH DOLBEAULT COMPLEXES ON CP"~1)

If we consider the circle group Sl embedded in U(n) as its center, i.e. as
multiples of the identity, the quotient of §_ by the §, action is the complex mani-
fold CP"~!. Since the line subbundle of T*C"|S_ spanned by or is the part of
?*C"!Sn which is left out of the 51, complex, and this is also the cokernel of the
pullback of T*CP"~! via the projection, it is strongly suggested that there should
be an intimate connection between the 5b complex on §_ and the J complex on
CP"~1. This is indeed the case.

That there should be such a relationship was first pointed out to me by
H. Pittie, and it was M. F. Atiyah who showed me how to express it in terms of
line bundles on CP”~ 1,

In order to study the behavior of the 5b complex under the action of § |, we
need to know how the representations p(m,---, m ) decompose when restricted
to S,. Recall that the irreducible representations of §,=0Q1) are {p(m): m e 1}

whete p(m) (') acts on C by multiplication by e""e.

Lemma 1. p(ml, cee, mn)lSl = (dim p(ml, oo, mn))p(Z'lzmz.).

Proof. Since S1 is the center of U(n), by Schur’s lemma it acts as multiples
of the identity on the representation space of p(m ,+++, m ), so p(m -+, m)|S,
is the sum of dim p(m,---, mn) copies of some p(M). Now p(m P mn) =
(det)m"p(ml—mn,~~,mm_l o 1=, 0) isa

subrepresentation of the standard representation of U(n) on @K C” K =

-m, 0), and p(m —m e, m
E'I"l(mi —-m,) =2%0m,—nm . By construction of this representation, S, acts on
®K C” via p(K). On the other hand, det |Sl = p(n), so finally we see that M =
K+nm =37m. Q.E.D.

From this lemma and the results of Chapter II, $3 and §5, we can immedia-

tely read off the action of §, on the 5 complex.

Theorem 1. For each m € 7, set (Bo(m) = @ b m {B"'l(m) =
i
@q —psn—22m Yogino1y and for 1<j<n~2, B (m) = [@ g —paj=m pq]] ®
[®q paj—l=m pq]] Then for each j, B = D__ 537(m) and S| acts on
Bi(m) via the representation p(m). Moreover, since b(%’(m)) C 93”1(771), for each

m we have a subcomplex

0— Bm) 28, R 26 ... 28, B 1(m) — 0.

We now investigate the E complex on certain holomorphic line bundles on
CP"~!. The projection Sn‘--’CP"_l exhibits S as a principal bundle over

CP™~! with structure group S . (In principal bundles the group action is on the
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right, but since §, is commutative, we can think of the left action of S, on
§, as arightaction.) Let 7™ be the line bundle on CP"~1 associated to the
principal bundle § — CP"~! by the action p(m) of §, on C. (Note that ™
the mth tensor power of 7 = 771.) There are two simple geometrical interpretations
of 7 (cf. Hirzebruch [4, §4.21). On the one hand, if we think of CP”~ ! as the set
of lines in C”, then 7 is the line bundle whose fiber over p is the line which p°
is. On the other hand, from the point of view of algebraic geometry, 17_1 is the
hyperplane section bundle on CP"~1.

Let M = A7T*CP"~'. Then for each m we have the Dolbeault complex

00— F(ﬂm)i’r(ﬂm®7\l)i ...a_)r(nm®)\n—1)_) 0

whose cohomology group at the jth point may be identified with H’(CP”‘1 @(77’"))
(cf. Hirzebruch [4, $15.3]). To relate these complexes on CP"~! with the ab

complex on S we use the following general theorem:

Theorem 2. Let P 5 M be a principal bundle over the manifold M with struc-
ture group G. Let V be a vector space on which G acts on the left by the repre-
sentation R v E =P x G V the associated vector bundle over M, and V =P xV
the trivial bundle over P with fiber V. If F is any vector bundle over M (not
necessarily associated to P), then n*F is a vector bundle over P on which G
acts to the right, say by R' we denote the corresponding left action by R, i.e.

R, (g) =R (g" Y. There is a natural one-to-one correspondence between sections

of E ® F over M and sections ¢ of v ® 7*F over P satisfying

M o(xg) = (R, ® R,) (g~ Do (<.

Proof. This is merely a matter of disentangling the definitions. First we
~ ~
note that V is naturally isomorphic to 7*E, so V ® #*F = 7*(E ® F). The right
action of G on PE XV is given by (x, v)g = (xg, R (g~ Yu), so the left action

of Gon V ® #*F =2 o¥(E ® F) is R| ® R,. Next, there is a natural surjection
7. 7(E ® F) - E ® F which is an 1somorph1sm on fibers and satisfies Ta(xg) =
) © (R, ®R )(g) Thus if s €T'(E ® F), the corresponding o € '(#E ® F))

is given by o(x) = nZ,  s(m(x)), and we have

*(x)

olxg) = y e S(ﬂ(xg)) =(R,®R )(g'l) n;(l )S(ﬂ(X)) =(R;® RZ)(g"l)a(x),

so o satisfies (1). Conversely, given o satisfying (1), define s by s(a(x)) =

n*(x)o(x); this is well defined since

o(xg) = (R1 ® Rz)(g)(R1 ® Rz)(g"l)cr(x) =

T (x)

Texe T,xf (*).  Q.E.D.

In our case, we take M = CP"~1 G=S, P=S, V= C, R, =p(m), E =
7™, and F = M. As we noted above, 7*A’ can be naturally identified with the
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bundle B%. Thus the correspondence of Lemma 2 gives an injection of

C(n™ ® VM) into T(B%) which extends to an injection of its completion

Lz(n"’ ® A) with respect to the naturally induced hermitian metric into Bi. we
denote this injection by T;”.

Theorem 2. The range of T is Bi(m). The diagram

0 —— BUm —2 o Bl S @ei) —a
T?:I T’l"’ Tn-l

00— LZ(T]”’) _3_. Lz(nm® }\1) _6’ e s . _a_> LZ(T,m®An_1) 0

commutes, yielding an isomorphism between the Dolbeault complex of 7™ and the

mth piece of the 9, complex on § .

Proof. The only difficulty in proving the first assertion is in keeping the
left and right actions straight. If the circle acts to the left on S _, there is an
induced left action on the antiholomorphic j-covectors which we denote by R
This is the natural action we use when considering the r?b complex. But we are
considering the action on §  as a right action. Therefore R]. becomes a right
action, and the corresponding left action required by Lemma 2 is given by
g ~R (g™ h.

According to these remarks, then, the equivariance conditions for forms in
the range of T7" are olxg) = pm(g HR (g)o(x) which can be written R (g)o(g 1x) =

“ly = xg~ ). Bu the LHS just defines the action of \"

Pm (g)a(x) (smce g
forms induced by R P Range (T] ) is that subspace of B’ on which §, acts
via p(m), i.e. Range (T"') = Rl(m).

To prove the second assertion, it suffices to prove the commutativity of the
diagram for smooth sections; it then follows easily that T;"(Dom d) = Dom gb and

that the diagram commutes in general. Consider the diagram

" - o}
w
N
72 Sn
cpr-!

where the maps are the natural injections and projections. Now C” - {0} is a
principal bundle over CP”~! with structure group C*= C - {0}, and S, is the
corresponding principal bundle with reduced structure group. Thus the conse-
quences of Lemma 2 hold for C" - {0} & CP™"! in a way compatible with

those for § — 2cpmln particular, to each section s € I'(™ x A7) corresponds
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the equivariant j-form 7, ,os on(:) on C” - {0}, and THS) = mpyy 05 0m, ()

= ™*(my,yos om(-)). Replacing s by ds,
) T () 0ds o 7,(+) = i*(ﬂ*(') 0ds o 7))
Moreover, if 1(57) is the ideal generated by Ir (cf. Chapter I), we have
3) T iy ©95 0™ ) L 160D
by the remarks at the beginning of this chapter.

Next, since 7 is a holomorphic map, m, . )055 onm(s) = 6_(17*( y°s om(:)). But
since m, yOs© 7(.) extends ox(.y ©S °m,(:), it follows from the definition
of ab that ab(nZ*( yeson L) is detetmmed by the two conditions
0y (Tygy0s oy (N =i a(n*( yos o)) mod Idr) and 9, (my.,os on(-) L Ian.
Eomparmg thes_e_ with (2) a_rld (3), we see that d (172*( yesom, ) = Tox(ey®
ds om (4, i.e. abT;."s = T;."as. QE.D.

From our knowledge of the d, complex we can now read off a complete
description of the eigenspaces and eigenvalues of the d complexes on the line
bundles ™. In particular, we have

Theorem 3. If m <0,

" G=o),

dim H(CP"=1, O (™)) =
0 (j> o).

If m>0,

. 0 (j<n-1),
dimH/(CP™=1,0(p™)) =

D) G=n-1
where (’;’:i)=o if m<n.

Proof. The Dolbeault cohomology of 7™ is isomorphic to the mth piece of
the d, cohomology. In particular, it is zero in degrees 1 <j<n - 2. For j =0,
the cohomology is

Q0 q) -
B N [gao poo] [q D 0,00, ]

® 0o (m<O),

0 (m > 0).

But (D(__m)oo is the space of homogeneous holomorphic polynomials of degree —m

in n variables, whose dimension is (”;.1__1”'). For j=mn - 1, the cohomology is
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-

B7=1(m) [gal lp("”‘”"'”J

Y |In v
[q—ph@Z:m MJ] [qEZBI (—l)q(n—l)]

¥ hmontiymery  (m21)
0 (m < n).
But ‘P(-l)(m 1) m=1) is isomorphic (cf. Chapter II, §4) to the space of homo-

geneous antiholomorphic polynomials of degree m —n in n variables, and this
has dimension (:Z”_'_i). Q.E.D.

Of course, this theorem can also be proved directly by the methods of complex
analytic geometry. (The reader is invited to perform this computation as a check
to our present results.) In fact, if we define B’(m) abstractly as the subspace of
B transforming under the §, action via p(m), Theorem 2 goes through without
change; knowing the result of Theorem 3 then enables us to state that the coho-
mology of the gb complex is infinite in degrees 0 and 7 — 1 and zero elsewhere

without knowing the decomposition of the spaces B’ under the action of U(n).
IV. FOURIER ANALYSIS (REGULARITY OF THE 5b COMPLEX)

First some definitions and notations:

(D) S(N) denotes the unit sphere in R?*1 so that S(zn—l) =S . (We reserve
the notation S for the N-sphere considered abstractly.)

(2) Hk denotes the space of spherical harmonics of degree & on S(N)’ i.e.
the space of homogeneous harmonic polynomials of degree & on RN*1 restricted
to S(N).
(3) A* denotes the Laplace-de Rham operator on § ).

(4) | | denotes the L? norm, | [, (s € R) denotes the Sobolev s-norm, and
| ll,, denotes the uniform norm.

(5) If A and B are nonnegative functions of x, A(x) ~ B(x) means that
A(x) = O(B(x)) and B(x) = O(A(x)); that is, there exist positive constants ¢
such that CIA(x) < B(x) < CZA(x) for all x.

(6) A(x) £ B(x) means that A(x) < cB(x) for some ¢ > 0 independent of x,
i.e. Ax) = O(B(x)).

r 2

1. Distribution theory on spheres. One can do distribution theory on S,
by letting spherical harmonic expansions play the role of Fourier transforms.
This is a well-known part of the folk literature of Fourier analysis, but we repro-
duce the proofs as there seems to be no convenient reference. We will need the

following facts (cf., e.g., Miiller [13] for proofs);
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(1) K L X, for by #ky and LHS ) = DFH,.

(2) dim K, = (2k + N = D((k + N = 2)1 /(N= 1)1 kD).

3 }(k is an eigenspace of A* with eigenvalue k(k + N - 1).

We can define global Sobolev norms for functions by || /|| = [[(A*+ DS’
since A* is elliptic and Sy, is compact. Hence if /= SThy by € }(k’ then

1702 =20 ele+ N= D + 1151512~ 3 (ks D215, 1%
0 0

For forms, we may either define [Ju| _ = [|(A*+ /24| as above, or we may take
the sum of the s-norms of its coefficients with respect to some basis. We shall
only be interested in forms coming from the 517 complex (N = 2n — 1), and for these
we can compute the s-norms as follows. Since A* commutes with U(n), the
spaces @, . and ‘I’qu are eigenspaces of (A*+ )S/?; hence from the first defini-
tion, if u=2 (bpqa ¢;q]. +Cpaa |,/ng1.) (in terms of the canonical basis of
Chapter IV),

12 3 b, 2065 12 ¢ le, 216, 1.
pqa
To compute ||¢~‘;qj|ls and "lllgqj”s’ in turn, we use the second definition with
the basis {d;il A... /\d?ij}. By Theorem 1, Chapter IV, each coefficient of
;qi is a spherical harmonic of type (p, ¢); hence "q‘);qj"s ~((p+q+1°. The
Y’s are a bit more complicated. Each coefficient of lﬁpq]. except that of
d?l Aot A dz_]. is a spherical harmonic of type (p + 1, q) and the coefficient of

afz_l/\---/\dz_]. is

n
z9-1,0 Zz z
1 n a“a

jtl
=z9- 10 ————q+i—1 iz}— brr-i iz?
Lon p+q+n-1 a2 brg+n-— — 4
+ p+n-j Zz9-1,0
p+qg+n-1 ! "

since 2Tz _z_ =1. This is the sum of a spherical harmonic of type @p+1,q)
and one of type (p, q — 1). Thus the coefficients of ¥? . are sums of spherical

2~ (p+qg+2%+

harmonics of types (p + 1, ¢) and (p, g — 1) so |I¢r‘;qj||s

o+ q)Zs ~(p+q+ 1)%°. We have proved

j _ a a
Theorem 1. If u € B7, u = zpqa(bpqa¢qu + € paa Vg them

2 2 2
lul 2o 3" by gal 0+ g+ D2+ 1e, | Hp+ g+ D).
pvga
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Next we prove the Sobolev lemma for functions on S(N y We state and prove

the crucial estimate in a general form which will also be useful later.

Proposition 1. Let G be a compact group, H a closed subgroup, V an irreduc-
ible invariant subspace of LAG/H) under the action of G, p: G — Aut (V) the
representation of G on V, and D = dim V. Suppose there is no other subspace of
L*(G/H) on which the action of G is equivalent to p. Then if the measures of G
and G/H are normalized to be 1, sup i{||f||_:/ €V, |f|=1}= D*.

Proof. Let m: G — G/H be the projection, 7*V={z*f=/fonm: [ € Vi Then
7*V is an irreducible invariant subspace of L?G) with representation equivalent
to p, consisting of functions which are constant on cosets of H, and 7* is a uni-
tary equivalence of V and #*V. Since p occurs with multiplicity one in the rep-
resentation of G on L2(G/H), which is the induced representation of the trivial
representation of H on C, Frobenius Reciprocity tells us that the trivial represen-
tation occurs with multiplicity one in p|H, i.e. there is a unique f, € V (up to
constant multiples) which is invariant under the action of H. Take |/ || =1 and
complete f, to an orthonormal basis f,+--, f, of V. With respect to this basis

we form the matrix of entry functions of p,
P = foy D@ 1 dx= (1, plg) 1),

By the Peter-Weyl theorem (cf. Stein [14]), p occurs with multiplicity D in
L%G), namely on the spaces W, (i=1,--+, D) spanned by the columns {pki};::l
of the matrix (p;). Next, observe that for g € G, b € H,

p“(gh) = (fp P(gb) /1) = (/1’ p(g)p(b)/l) = (/19 P(g) /1) = P“(g)’
p, (b =11, p (b)) = (f1, p(B)p(@ ) = (p(B=1) [}s p(@) /)
=(/1’ P(g)/1)=P11(8)

by the invariance of /. Since p,;(gh) = p, (g) and p occurs with multiplicity
one in L%(G/H), we must have Py €7*V; then since p; (bg) = pu(g), we must
have p, = c7*f, for some constant c. In fact, by the Schur orthogonality rela-
tions, [|p Il = D~% and hence ¢ = D~*. Since an irreducible subspace is spec-

ified by giving one vector in it, it follows that 7*V = W .

Lemma 1. Dp,, is a reproducing kernel for W, i.e. for any €W, [=
Dp,, *f where * denotes convolution.

Proof. It suffices to prove the assertion for the basis {pili.
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Piy+ P (¥ =fc Palxy™ ey () dy

= JopiDp; 67 Np, G dy
; G

=Z p i fG p1Np (N dy
]

=D712 P98 =D7"p, ()
]

by Schur orthogonality.

Now by Young’s inequality, for any / € Wy, [, < DI/ |l lpy,]l = DI/l so
sup {[|fll o/ €V, I/l =W =supilfll:feW, |IfIl=13< D”%. The supremum D"
is actually achieved, since |7*f(e)| = Dl/’pu(e) = D" where e is the identity of
G. Q.E.D.

We apply Proposition 1 in the case G = SON + 1), H=SO(N), G/H =S
V= }(k’ D ~ (k + )N 1. That the spaces }(k are irreducible and inequivalent for
N > 1 follows from the representation theory of SO(N) (cf. Boerner [11). (In this
case, Lemma 1 is equivalent to the classical Funk-Hecke formula for spherical
harmonics.) If N =1, }(k (k> 0) splits into two one-dimensional representations
ik0 —ikB; since these have absolute value 1, the conclusion

spanned by e and e

of Proposition 1 remains valid.
Lemma 2. If s > N/2 then ||f| < /|, for all feC.

Proof. Let /=3%5h,, b, e}(k. Then

X

I llo < MBS Ibyll (R + HN=1)/2
0 0

i 1% / oo y
< (S ) (S )
0

0

o %
~n/us<zk~-l-zs) :
0

and the sum on the right converges provided s > N/2. (Note: This calculation is
entirely analogous to the integration in polar coordinates which proves this lemma
in R”, since the *‘eigenfunctions’’ for the Laplacian on R” are distributions

whose Fourier transforms are supported on a spherical shell.)

Theorem 2 (Sobolev). H_CC" if s>r+N/2.
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Proof. If D is a differential operator of order at most 7, |[Df||_ < |IDf]l,_, S
I/, for s >7+ N/2, so sequences of C* functions which converge in the s-norm
converge in the C7 topology. Since H_ is the completion of = with respect to
| I, H, is continuously embedded in ¢". Q.E.D.

Thus we see that C° = an, and the ™ topology is the same as the topol-
ogy given by the family of norms {|| ||,: & € Z™}. Since Sy is compact, the dis-
tributions are just the continuous linear functionals on C%, and hence the space
of distributions is UHS. Every distribution can thus be expanded in spherical
harmonics with coefficients that grow at most polynomially.

The Rellich lemma is trivial in this setup. If s <s’, the isometry
(A* + =2, H — H_,, when considered as an operator on H_, has eigenvalue
~(k+1)°"% on }(k‘ Hence it is the norm limit of operators of finite rank and
therefore compact.

Finally, we state a criterion for real analyticity.

Theorem 3. /=3Tb, 5, (b, € }(k’ 6 |l = 1) is real analytic if and only if for
some a<1, b, = O(ak).

Proof. Lec D 1»**» Dy be a set of vector fields which spans the tangent
space to Sy, at each point. Since Sy, is compact, it follows from the Hadamard
radius-of-convergence formula that global real analyticity is equivalent to the
existence of 8 > 0 such that HD;"[”N < m!/8™ for m=0,1,+++, and j=1,
«++, M. In particular, ||A*™f|_ < (2m)1/8%*™. Now

A*f=3 [k(k+ N= DI"b,h,
0

where

[k(k+ N = DI = [ (A*"/)h,,

(N)

SO

|bk| < [k(k+ N - 1)]’mf|(A*m/)'};k‘
<[k(k+ N - 1)]""||A*’"/||wk("’-1)/2
<((2m) /(k8) 2R (N =12 < (2n/ k) 2 (N -1V 2,

For k sufficiently large we may choose m approximately equal to k8/4, whence

16, < (1/2)%3/2f(N=-1D/2 Setting a = (1/2)%74< 1, we have 16, <

EN-1/2,2k S gk since kN-1/2_0(a—k),
Conversely, if b, = O(a*) with a <1, this implies |bkl < R(1-3N)/2,k/2

Therefore
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JADTNY 27| < 37 k7N b ay
0

o0

o0
< Z km+n+(l-3N)/2+(N—-l)/2ak/2=Z rak/ 2,
0 0

Let the largest term in the last sum occur at k = k. By comparing the graphs of

x™3*/2 and the step function whose value is k"a*/2 on [k, k + 1] when k< kg

and £™a®/? on [k -1, k] when k> k,, we see that

Z kmak/z < f“xmax/zdx+kmak0/2
0 -0 0

o0
< fo x"a*/ 2dx 4 max x™a*/ 2,
Low)

Now log (1/a) > 0, so if we set 8 = (1/2)log (1/a) and make the change of vari-
ables x' = 6x, we obtain

f""xmax/de=f°° x me-x'd fl. =l'm_'
0 0 ) ) S &

On the other hand,
max x™a*/? = <—}-1”;—>m= (Zl)m .= .
[0,00) elog(1/a) e/ sm~ sm
Thus we have shown
Iz 2
Finally, by Theorem 2,

1
1077l 11, o ~ IA Y 27 < An 4N 27 < =

00 ~ 8m)

which shows [ is real analytic. Q.E.D.

Corollary. If N=2n-1, u € B7, u= b by + ¢ ¥p,) where ¢, €

@p+q=k®pqi’ Y, € ®p+q=k‘l’qu’ "gbk“ =1 and “(//kll =1, then u is real ana-
Iytic if and only if, for some a <1, b, and c, are Oa*).

Proof. As in Theorem 1, write i, = £, + 7, where the coefficients of &,
(respectively 7,) are spherical harmonics of degree & + 1 (respectively & - 1).
Then apply Theorem 3 to the coefficient of each dz; A---A dz, in the sums

i
Zbktﬁk, ch rfk, Ecknk. (Details are left to the reader.)
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2. The index of 51’. As an application of these methods for N = 1, we com-
pute the index of gb (considered as an operator on @'é-lﬁj). The kernel and
cokernel of an operator which is transversally elliptic with respect to a group G
are representation spaces of G and hence have characters which are defined as
distributions on G. The index is the difference of these characters.

Let z = ei? be the standard coordinate on Sl = S(l),so the character of Pr
is z*. Then by the results of Chapter III,

index(é.b) = i <n—1 " k)zk - i(k_ 1>z‘k.

0 n-1 n+] n—1

The remarks of $1 show that this is indeed a distribution on §, and in fact be-
longs to H_ for s <-n since (”;_1 ;k) and (ﬁ:i) are O™ 1).
Moreover,

n—1

o [n— 1+ k
Z( >zk=(1—z)_" for |z| < 1,
0

Z(k—i>%_k =(1-2)"" for|z| > 1.

ntl \"?7

Thus index (5;) is the Sato hyperfunction associated with the analytic function

(1-2z)"onC-5§ 1» in accordance with a general formula of Atiyah (not yet

published).

3. Global regularity of Jb. The global regularity properties of the 5b com-
plex can be easily read off by looking at the eigenvalues of d, vis-3-vis the
results of $1. Kohn and Nirenberg [8] have shown that corresponding local reg-
ularity properties hold on B for 1 <j<mn -2, but these results seem to be
inaccessible by our present methods.

Combining Theorem 1 with the fact that y, . ~((p + 1)9)” and the inequal-
ity p+q+1<2p+1)g<(p+q+1)2 (except when p=—1 or g = 0) which is
the sharpest possible inequality relating (p + 1)g with powers of p + g + 1, we
obtain the following results, which we state as a theorem:

Theorem 4. (1) For 1<j <n - 2, the equation Dbu = v has a unique solution
. . . . t
for every distribution-valued form v. The estimate |u|__, < | Dbu"s_z[ <l
holds whenever u € H_ and t > 0, and this inequality is the sharpest possible.
In particular, taking t =1, we see that the application of Db results in the loss
of between one and two derivatives, the exact amount depending on the'‘spectrum’’
of the form in question. For forms u € @;"_1 (‘I’qu ® ‘qu].) (p = const.) or
o .

u€ ®P=0(®P¢H @‘qu].) (g = const.), || (D ull; ~ “”"s+1’ for forms u €
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®p—q=const.(®qu &Y, ) Ll ~ Nl o+ (Similar remarks apply in the
following cases.)

(2) On B and R~ the barmonic space N is infinite-dimensional, so we
cannot hope to obtain any regularity for arbitrary solutions of Dbu = v. However,
if v LX, then there is a unique solution u L} of [J,u =v, and lulls,: s |l
~ "u"5+2

(3) If veH B (0<j<n-1), 3 v =0 and v is orthogonal to the harmonic
space (if any), tben there is a unique solutzon u of abu = v which is orthogonal
to the null space of d,, and ||u||s+l/2 S vl

(4) In all of the above cases, if v is real analytic, then the solution u will

< ||u||5*1. Likewise for H,.

also be real analytic, since exponential decrease of the coefficients is not
affected by factors like ((p + 1)9)” or (p + 1)q.

Details of the proofs are left as a (trivial) exercise.

4. The b-norms. In this section we introduce Sobolev-type norms for Db‘ We
shall work exclusively with functions; analogous results for forms are obtained by
taking norms componentwise. We could define a norm by ||/ ||| = [I((, + D/ ||, but
this is not very satisfactory because Db is lopsided: it has a large null space
for which this norm provides no information. We proceed to remedy the defect.

Let Db be the conjugate operator to [],, defined by |:] /= (Dbf)) Then
the CIJ o S are eigenspaces for Db with eigenvalue y 250" Thus Db Db is
symmetnc with respect to p and g and annihilates only constants; the eigenvalue

of Db ib +1 on <I> 40 is y;q0+ yqu0+ 1 ~(p+1)g + 1). We therefore

define the family of Sobolev-type norms {|| s, o s.0=

1, + Db +1 . (The subscript zero is included to facilitate a later gener-
alization.) The results of $3 show that I ||S/2 s |||s 0 S I ||S for s >0 and
L0, S0 lao sl 0, for s <O0; more precisely, Il Il g ~Il I, on
®p=const.®pq0 and ®q=const.®pq0 and m ms,O ~" "s on ®p—q=const.®pq0'
We denote the completion of C with respectto || || , by B, o The distribu-
tion theory of $1 can then be reformulated in terms of the spaces B_ ,- Specifi-
cally, we have C* = nBs o> every distribution belongs to some Bs o ls o
is compact with respect to || ||, , whenever s >s'; and B, ,C C"’ whenever

s>(2n-1) + 2r.

Db and ib are only half as strong in the direction tangent to the circle
orbits as in the other directions (cf. Chapter I), and we can therefore obtain
sharper estimates if we can control differentiation in the ‘‘bad’’ direction directly.
Fortunately, the unit vector field X tangent to the circle orbits is just the infini-
tesimal generator of the circle action. Since S, is the center of U(n), X com-

mutes with the action of U(n), and so the leqo’s are eigenspaces of X.
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Proposition 2. The eigenvalue of X on CI) o0 is Hp—q.

Proof. According to Theorem 1, Chapter III, every [ € ® pgo Satisfies
fle™x) = e?@=2)9(x). Therefore Xf(x) = d/df[f(ex)Ng.y=i(p-g)f(x). Q.E.D.

Letting |X| = (-X2)*% be the operator whose eigenvalue on (quo is |p - ¢/,
we define the norms || ||, . (s, o €R) by

Wlls,e = W3, + O, + D/2(x 1+ D71,
and we let B_ _ be the completion of C~ with respect to || Il o
Proposition 3. For >0,

Wl os M My ot My,

Proof. The first inequality is obvious. On the other hand, let [ = Xf

where f!’.q e(C, bpq EQI)pqO, thq" = 1. Then

pq bq

WANZ o~ o+ D5g+ D(p - gl + D7, |2
$ 2 o+ D(g+ DI°* 291, 12 ~ N7 2 0o

Moreover, these inequalities are the sharpest possible: || ||, o ~ || [l o on
®p—q=const.®pq0 and || |"s+20’,0 ~ |l |“s,0’ on p:const.q)pqo and
®q=const.®pq0‘ Q.E.D.

Theorem 5. If s, 0> 0, then || | < | "ls,O' < | ||s+¢7 where s' =

min (s,(s/2) + ¢). These inequalities are sharp.

Proof. Let f = E/M a
the form Zp'qZOA(p, q) into 2p<q + szq + 2p>q and then, setting m = |p — q|,

rewrite this as

L Alp, p+m) + Z A(p, p) + E Alg+ m, q).
m>0,p>0 >0 m>0,4>0

as above. Our method will be to break up sums of

The idea behind this is to change from the coordinates (p, g) in *‘Fourier trans-

)

form space’’ to the coordinates (p + ¢, p — q), in which the directions parallel to
the axes are the directions of greatest strength of Db + Db and X, respectively.

First, suppose o > s/2, so min (s,(s/2) + 0) = (s/2) + 0. Then

112, 300~ X (o g+ D*¥2°Uf, |2

b, q20
+2 +
~ 2 @am+ DT, L 12 3 2+ DTHUYS, |2
m>0, p>0 >0

s+20 2
+ Z (2g+m+1) I/(q+m)q| .
m>0,4>0
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Now

T Qe me DT, L2

m>0,p>0

< Z (p+m+1%(p+ 1rz+2)2c’|/p(1,+m)l2
m>0, p>0

< Z (p+m+ 1D5(p+ 1D2%(m + 1)20|/p(p+m)|2
m>0, p>0

< Z (p+m+D%(p+ D(m+ 1)2‘7|/p(p+m)|2
m>0, p>0

= > (p+ 1D%g+ D(p - gl + D*I/,,1%
v<q

and likewise

g+ m+ D2 a2 S 3 o+ DNg+ D5 - gl + DI, I%
m>0,q>0 b>q
Also,

> o+ ML, 125 30 (p+ DL, 12 5 D (o + DI, %

>0 20 20

Therefore

112 s 2 0+ D+ Do - gl + D211, 12 ~IF1I12, .
b, 4>0

An examination of this calculation shows that || “(5/2)"’ ~l s o on

®p=const.®pq0 and ®q=const.q)pq0'
Next, suppose o > s/2, so min (s, (s/2) + 0) = s. Then essentially the same

calculation with the roles of s and 20 reversed shows that || ||s < |||s o
»
and || |, ~ 1l ll, 0 00 @B, ,=coneePpqo Finally,

12 o~ 3 o+ D%+ D*(p- | + D1, 2

b, @0

s X (v g+ 0¥ 12~0112,
b1 0

and || I, » ~Il ll¢4o on (for example) ®p20®p(2p)0‘ Q.E.D.

Corollaries. (1) For s, 0> 0 we have B
B, ,CH

compact.

6+20,0C By o CB, gand H_, C

min (s,(s/2)+0) These inclusions are sharp and are continuous but not
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(2) Bs,a is naturally dual to B_s'_c, so the the inclusion relations for s, o
< 0 are obtained by dualizing those in (1).

(3) Ce - nBs o and every distribution lies in some B,

@) |l ms o i compact with respect to ||| || . o1 if and only if s>s' and
g>o'.

Thus we can do distribution theory with the spaces B and we get more

5,0
efficient relations with the H_ spaces than with the spaces B_ ;. The analogue
of the Sobolev theorem is that B_,C Cif s>r+n-Y%and o > r+n-Y%)/2;
we can also take o to be smaller 1f we let s be larger. However, we can obtain a

much sharper result for r = 0 by a direct argument.
Lemma 1. If b, € D,,0 and ||b, |l =1, then
18 ,qlle S 0+ DP=22 (g4 =2/2(p 4 g+ D*.

Proof. By the general formula for the dimensions of representations of U(n)

(Boerner [1, p. 201]), we have
(p+n QUG +n=-D(p+gq+n-1) n=2 =2
dim @, PP Y ~p+ D" 2g+ D™ Hp+q+1).

The lemma now follows from Proposition 1, taking G = U(r), H= Uz -1). Q.E.D.

Theorem 6. B_ , C CO if for some €>0,s>n-1+¢ and o> (1 - €)/2, and
the inclusion is continuous.

Proof. Let f=3f, b,
1o €3 gl 15 gl
SN, 0+ DA 2g 4 D 2(p 1 g+ )%
o+ D Ag+ D 2(p- gl + DY (p+ DY 2+ D (|- g + D
<[Ztos 02+ 0= el + 07711, 1]
. [E(P+ D25+ D2 (p+ g+ D(|p-q| + 1)*2"]%

as above. By Lemma 1,

by the Schwarz inequality. The first factor in the last expression is ~||[f || ; ; it
remains to show that the second factor converges. Using the same trick as in
Theorem 5,

Z [+ D@+ DI (p+q+ D(p-g| + D27
b, 420

= Y [+ Dot DI ek ma Dlms D74 3 (pr D204 D)
m>0, p>0 >0

+ Z [(g+m+D(g+ DI* 272+ m+ 1)(m+ 1)=2°,
m>0,4>0
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The second term is less than 2EP> oo+ 1) m-25-3 Ghich converges provided
2n — 2s =3 < -1, i.e. provided s >n — 1. The first and third terms are equal, and

we have, assuming s >n -1,

Z [+ D+m+ DI 2p+ m+ D(m+ 1)-2°
m>0, >0

2 me D727 (p+ D (p 4 mr DPE-S
m>0 >0

= Z (m + l)"_l“s'zaz (p+ D" 2=5(p/(m+ 1) + D*~1-5
m0 >0

< Z (m+ l)n-l-s-zcz (p+ l)n—Z—s
m>0

>0

since (p/(m + 1) + 1)*~ 1= < 1. Convergence of the second factor again requires
s >n — 1. Convergence of the first factor requires n -1 -s-20<-1,i.e. 0>
(1 +(»—-1-5))/2. Taking € = (s —n + 1)/2, we see that under the hypotheses of
the theorem, | ||, < |l Il o, and the conclusion follows immediately. Q.E.D.

Corollary. B_ ,C C% it s>n

This follows directly from Theorem 6 and Proposition 3.

We conclude with some heuristic remarks. Theorem 6 says (except for the
factor of ¢) that B, ,C C% if s>n—1 and 0> %. The results of Chapter III
show that Db is essentially the pullback of the Laplacian on CP”~ ! and X?
restricted to an orbit is just the Laplacian on §,. The ordinary Sobolev theorem
says that H_(CP"~1) CCACP"™1) if s>n -1 and H(S) CCS)) if o> %,
Thus, in some sense, these two phenomena are combined by the fibration
N i CP™-1! to yield our result.

It seems likely that the following generalization of Theorem 6 should be true:

Conjecture. B_ , C C7 if for some €>0,s>r+n—1+¢€ and 0>(r+1-¢/2.

The estimate needed to establish this assertion is ||Df|; , 5 |||/|||s+" o4r/2

where D is any differential operator of order at most 7. Indeed, we have
X1, o~ 3 (e + D5 + Do = gl + D27 o= ql21], |7
i . .
<X+ D g+ DEH(p - gl + D21, |2

~A, s a2
Hence it suffices to prove the estimate for D involving only differentiations in
directions orthogonal to X. But Db is “‘elliptic’’ in these directions, in a sense
made precise by Theorem 2 of Chapter III, so thete should be good control over

such D’s. However, we have not yet found a satisfyingly rigorous proof.
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V. BESSEL FUNCTIONS
(THE ¢-NEUMANN PROBLEM ON THE UNIT BALL)

Let (7 denote the Hilbert space of square-integrable (0, j) forms on the unit
ball B, C C”, so that (@’ is the completion of (A %) in the notation of Chapter I.
Recall that u € (AY) is said to satisfy the 9-Neumann conditions if u|S e B’
and 6u|S € B7*L. The restriction of 39 + 5d to forms satisfying the d-Neumann
conditions is a positive hermitian operator; we denote its Friedrichs extension
by [] (and use the symbol [ ] only for this purpose). In this chapter we will
solve the following strong form of the 9-Neumann problem on B_: determine the
spectral decomposition of (7 under [}, that is, find the eigenvectors and eigen-
values for [ ]. Actually, in order not to clutter up the notation with factors of 2,
we will deal with the operator 2[ ], which as a differential operator is just the
Laplace-de Rham operator.

1. The 9-Neumann problem for functions. For functions we have the well-

known formula

s[]--9l_2m=19 1 4.
ar2 r or 72

(cf. Miller [13, p. 38]) where A* is the Laplacian on S . Since the radial and
tangential differentiations are not mixed, the trick of ‘‘separation of variables”’
works, and the eigenfunctions will be of the form [(r)g(f), where 0 denotes a
coordinate on S . But we already know that functions on S decompose under A*
into spherical harmonics; therefore, adjusting a factor of 74 we seek eigenfunc-
tions of the form f(r)bpq where_bpq is a harmonic polynomial of type (p, g).

First let us see what the d-Neumann conditions mean for such functions. The

first condition is vacuous, and the second says (g(/(r)bpq), ar) |r=1 = 0. Therefore

22 9 (/(yp. )
2 %, T abpq 1 (r)
=Zl:—;- / (r)—-bpq'*‘/(') — iy = 3= +Q/(r) bpq et

by the Euler homogeneity formula. Thus the boundary condition is

(1) L' (1) + qf(1) = 0.

With this we quickly dispose of the eigenvalue 0. Since b pg 1S already
harmonic, by uniqueness for the Dirichlet problem, we must have f(r) = const.
(1) then becomes g = 0, so the null space of 2[ | consists precisely of the holo-
‘morphic functions.



1972 THE TANGENTIAL CAUCHY-RIEMANN COMPLEX ON SPHERES 117

The nonzero eigenvalues are all positive, so we may write them as A2, 0<
A <o, To solve the equation (2 ] - Az)(/(r)bpq) = 0, we use the formula

G

[(F6) = (PG + F(J6) - Z oF n

(where x -, x,, are real Cartesian coordinates on C”) and the Euler homo-

geneity rule, which yield
200/ bpq) ==[f"(N+((2n+2p+ 29 - 1)/r)f'(r)]bpq
The equation
'@+ @2r+2p+29=-1)/7 '+ 2D =0

becomes Bessel’s equation of-order p + g + » — 1 after the changes of variables
R =\, F(R) = R?**-1{(R), and hence the solutions which are regular at the
origin are constant multiples of rl'”_p—q]p+q+n_l()\r).

A short computation shows that the boundary condition (1) is equivalent to
(2) )t];+q+n_l()\)+(q— p=n+D]pig4n N =0

It is known from the theory of Bessel functions ([17, Chapter XVIII]) that the
positive A’s satisfying this equation form a countable discrete set and that the

corresponding functions | (A7) form a complete orthogonal system with

respect to the weight funcfit)‘::: oln (0, 1). (The case g = 0 is exceptional: here
one must add the function r2+?~! to make the system complete, which accounts
for the eigenvalue 0.) The expansion of a function on (0, 1) with respect to such
a system is called a Dini series.

Let qul, quz,
merated in increasing order. (The superscript 01, superfluous at present, will

+ be the countable set of positive A’s satisfying (2) enu-

become significant in the next section.) Let

_ l-n—p—gq 01
/pqm(r) - Cpqr ]p+q +n— I(qumr)
. 2_
where the constant g is determined so that pqm(r)bpq has L “-norm 1

wherever bpqlSn has L2norm 1 on S ,- Moreover, let h},q, b:q,- «+ be a complete
set of harmonic polynomials of type (p, g) which are orthonommal on § . (For exam-
ple, we could take b“ to be the harmonic extension to B of q,’)p o ©on S ) We

then have the solutlon to the 9-Neumann problem for functlons
(nhe } is an orthonormal basis for

Theorem 1. The set {h% 503pa Y {/pqm 5a) pama
QR° consisting o/ eigenfunctions for 2[ | The eigenvalue of b is 0, and the

(r)b‘;, is (A0 )2,

eigenvalue of [°! vam

bgm

Proof. The orthogonality and completeness follow in the usual way from the
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orthogonality and completeness of spherical harmonics and Bessel functions on
Sn and (0, 1), respectively. Q.E.D.

2. The d-Neumann problem for forms. Here again the method will be to expand
forms as in Chapter II on each spherical shell with coefficients depending on r
and then to obtain a Bessel equation for these coefficients. The first step, there-
fore, is to define extensions of ¢qu and l/lpq]. to the interior of the ball, which
we will still denote by B 20d U,

We use the analytical expression

j+1

—z9-1,0p - z
Ppgi =1 'z z; (-1 1z.dZ A...dz o ANdZE
1=

to define ¢qu on all of B . Further we define

(dz, dr) _ n oz,
—-ar_dz -z, Z— dZ,=dz,- %,
(ar, ar) r

r

¢, =dz, -

on Bn— {0} and then define
y — ,34-1,0
Vpai =21 znc_lA-u/\{j.

The factor of r is inserted to make ¥, . homogeneous of degree p + ¢, as @, .

paj
is; it also has the effect of making every l/lpq] except l/l(_ 1)ltn-1) continuous at

0. It is clear that these extensions of ¢, . and l/lpq, preserve the property of

bqj
being pointwise orthogonal to forms of the type 6 A dr. It is also easy to check

that
_ ,34-1,0% . z _1)7
l//pqi_rz? zndzll\ .o /\dz]+( l) 2¢pq(j .l)/\ar

for p > 0, and

-q-l n
Z( D"z dz, /\...dz o A d3,

"l'(—l)q(n—l)

Now let qS;qj, !/I;q]. be the canonical basis forms of Chapter IV. We extend
these forms to the interior just as above by requiring their coefficients to be homo-
geneous of degree p + g.

Except at the origin, every (0, j)-form 0 can be expressed as 6 =60, + 0, Adr
where 6, and 6, are pointwise orthogonal to the ideal generated by or. 6, and
0, can then be expanded in terms of the ¢’s and ¥’s with coefficients depending
on 7. We therefore look for eigenvectors of 2[] of the form /(r)d)pq], /(@ )¢qu
/(r)¢pq1 Aor, /(r)¢p A 9r where in the last two cases the boundary condition
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/(1) = 0 must be satisfied. The thing that will make this easy is the fact that [_]
acts componentwise with respect to the natural basis in C™:

El(Eail-uijdEi Adz ) Z(D“ ...i. i A"’Adzi_,

7

(This follows from the Weitzenbdck formula, or by direct calculation.)
First let us consider forms of the type
i+l . A
[N bpg;=1NZI71E 3 (- DI-12dZ A-evdz,oon A dZ
i=1
Since g > 1 and j <7 - 2, each coefficient of ¢Pqi is a harmonic monomial of
type (p, q). Therefore, applying the arguments of §1 to each coefficient, we see
that (2] - Az)(/(r)quqj) =0 if and only if [(r) = cr!~7"0—9] (M), or f(r)

= c in case A = 0. Moreover,

p+q+n—

a(f(Ne,,)
AL A —
= MFI Y -1)TIEAE A dE e AdE, | A1 07
i=1
+(g+ DfDZI"122dZ A et A dz

r

=(g+)— /( '/’pq(1+1)+2_(—1_)1|:i'2'(ﬁ +(q+1’)/(r)] ¢>M].A5r.

Therefore the d-Neumann condition requires
€) Y/ + (g + ) /(1) = 0.

Thus the eigenvalue 0 does not occur. As in 81, (3) is equivalent to

(4) A ()\)+(q—p+2j—n+1)]p+q+"_l()\)=0,

ptqtn—
and there is a countable sequence )\;;1, )\;q 4o+ ++ of positive numbers satisfying
this equation, yielding an orthogonal sequence of Bessel functions. Setting

_ l-n—-p-—gq il
(n = “pai’ Jo+q4n- 1()‘ 7

qum pqm

with the normalizing constant ¢, . as before, and then letting the unitary group

act, we see that {f’ is an orthonormal basis for the subspace of

pqm(r)¢t’q] bgma
({7 whose elements are in the span of the ¢>’s on each sphere.

Furthermore, since 2[ | commutes with 9, the forms 8(/71 (r)¢‘;q]) are an
orthogonal set of eigenforms with the same eigenvalues ()t’l )2 (They auto-
matically satisfy the second boundary condition since they are d-closed.) A

straightforward computation shows that (/7 » qm(’)¢ pq]) =0, so
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(A;lqm)zlﬁqm Nbpas = ZD(/qu Mbpai) = 259 (7]} (g -

bgm

It follows then from the fact that d is a weighted shift operator that

{ZA(A’t’lqm)— la(/ pqm( )¢;q7)}pqma is an orthonormal basis for another large sub-

space of @7+!, orthogonal to the one constructed above.
We cannot play the same game with the ’s or ¢ A dr’s, because their coef-

ficients with respect to the natural basis are not harmonic. However,
Vpai N or

= [/29-100% A... z ~1)7 7 EY

—[TZI zndzll\ Adz]+2( 1) ¢pq(1—l)/\ aT]/\ar

) n
1 —
_a3a-1,0% - L3 zaz,
= 2] zndzl Aeee A dz]./\ <2r 1 zldzl>

=-z9-1 Pzzdz A-es NdZ A dZ,
jtl

for p > 0, and

Y-1ran-1) N7

n
<Z (- )1+"Edz Aooodz. .../\dz)/\(EI—Z Zid}.—'tl)
T
1

i=1

1zq
T

1 —-gq-—1 -_— - —_
== ET1 2 2 ZAE A A dE,
=%zI"1dz A... NdZ,

Since j > 1, the coefficients of these forms are harmonic monomials of type

(p+ 1, g = 1). Thus we obtain eigenforms of 2[ ] with eigenvalue A% of the type
f(r)t/rpq]. Adr by taking f(r) = Crl—n—p—q]p““n_ 1(Ar), and the first boundary
condition is f(1) = 0. (Hence A = 0, which would require f(r) = ¢, is impossible.)
The second boundary condition is vacuous, for

I, q; A 7
=" A,
= 0+ f(AI(4EI~12BdZ A e A dz; A arN =0

Adr+ [(DI(y pai N ER)

N2,
pql’ “pq2’
boundary condition is satisfied, and the correspondin /’2 (r)=c, .rl-m—t—a

y P g paj

As before, there is a countable sequence M 2 - of A’s for which the
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']pwm—l(A;;;m r) form a complete orthogonal set on (0, 1) with respect :o the
weight function 7. (The expansion of a function with respect to this basis is a
Fourier-Bessel series, but the same theory applies as with the Dini series (cf.
Watson [17, Chapter XVIII).) Therefore, letting the unitary group act, we see that
{/pqm(r)l//pq] A 9r} is an orthonormal basis for the subspace of @/*! whose ele-
ments are in the span of the ¥ A 9r’s on each sphere.

Just as we obtained another subspace by applying 9 to the / (r) @’s, we obtain yet an-
other one by applying b to the /() A or’s, and {2%()\{,;"!) 5(712 ham (r)¢‘;qj A on)} pqma
is an orthonormal basis for this subspace. An explicit formula for these forms will

be useful. Since

(b, i 47, A oee A, )

=22 (- 1%0b, .. /dz.)dE, Ao Tz e NdE,
1]°001; i) i1 i ij
we have
b(/(r)lﬁpq]. A 37
Z Z( 1)" d (/(r)z I=lebz )dz A - f\b.../\dz]./\dza

a=j4+l b=1

n
+1 8 —g-1_p — -
+(=1) E.H P (/(NZI~12hz )dz A N dZ;
a=j

Z E(l)b/()__ /_\

9- 1,1 coe cee dz
ZEZI a4 dzl A Z A dZ' A
a=j+1 b=1

LD et 3 oz | Aena
o Zl zn :E: zaza zl soe Zi

a=j+1

+ D" (p+n-)) /(r)'Z"f’lzfl +

s @an= DO [y +2 @+ n= N Dbyg_y) NI

T

(ESIIACI BVAIC)]
2

Note that this automatically satisfies the right boundary condition: f(1) = 0.
We have now obtained the complete decomposition of the spaces @’. To show

this, we need some lemmas.

Lemma 1. If u = gl(r):,[/pq]. + 32(')¢pq(j_ HA ar (p > 0) then
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(-

j
[(- 1)Igl( )+ (—qll_l)‘ g, + D (29 + 2 - 1)81(')] Vpaj N I,

g,(N+ ¢

(- 1)/ 2p+n-j) 1)’
bu= [——2-— gy + _{’irf‘__l_ - (2p+2n-2j+ 1)82(’)] Poati-1)

Also, if u =g(r)¢(_l)q(n_l), then

n—1

= [(— D™ lg (A + (—+

(29 + 2n - 3)8(’)] 'p(-l)q(n—l) Aor

and Du=0
Proof. Brute force computation.
Lemma 2. The formulas of Lemma 1 are true with :,bpq]., d’pq(j-l) replaced by

pq;’ ¢Pq(1— 1)

Proof. The action of the unitary group taking ¢ is the

pa (- ¢pq(1-l)
same as the one taking z,bpq] to l/lpq by construction of x/l . Since 9 and b

commute with U(n), we are done.

Lemma 3. ] annibilates no form of the type

u= Z (€50 1D VYpai + 852D Bpaiio1y AdD  (p> 0.

pga

Proof. By Schur’s lemma it suffices to consider a fixed (p, g), i.e. u = Zc u”
where 4% = g{(r)y] . + gz(r)qqu(] A dr. The formula ([, ) = (9, du) +
(bu, bu) shows that [ Ju = 0 if and only if Ju =0 and Hu = 0. Since l/l
(respectively (ﬁ;q(] )) is orthogonal to t/qu] (respecnvely ¢Pq(1 )) for a#a,
Lemma 2 shows that du = 0 and Dz = 0 if and only if 9z = 0 and bu =0 for
each a. Thus it suffices to consider a fixed a and (after a unitary transformation)
we may take a = 1.

Therefore we must show that there is no form u = g l(r)zﬁpw + 32(')¢pq G-1) A
dr which is harmonic and satisfies the J-Neumann conditions. After some compu-

tation we find that

u=z{"1z] [(g—"i—";’_ g+ iyt A2 (,)%
p+q+n—-1 2 p+qg+n-1
(-1)-!
+

;(- 17g () +% gz(»%
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p+n—j iz_ _g+j-1
. —_— Z. -
ptg+n—-14" "' prg+n-1

n

zz $>dz_lA...Adz‘j
jt1

1 .
+= {(— g () + % gz(’)}

i n
> > CDlEz 4z /\1?1\ AdE].AdEa].

izl a=j+1

The coefficient of each d—z_l. Aot A d;ij is a sum of homogeneous harmonic poly-
nomials multiplied by functions of 7. Since u is harmonic if and only if each coef-
ficient is harmonic, and a harmonic function on B, is determined by its values on
any sphere about the origin, it follows that these functions of 7 are constant. Thus

r"l[(— l)jgl(r) +Y gz(r)] =Cp

b+n -1 9ti-
r[—————-— gl(r) + - (— )7 m—— gz(r)] €y

p+q+n+1
Solving for g, and g,, we find
g,(N=c,/r+(- Dlg+ji-1D/p+q+n-1] cyn
gz(r) = 2(-1)7-1 c,/T+ 20p+n=pD/(p+ g+ n=-Dlcr
The first boundary condition says g,(1) =0, i.e.
(--l)j—lc2 +(p+n-/(p+g+n- 1)]C1 = 0.
By Lemma 1, the second boundary condition says
178D + g+ - Dg, (D) + (-1 (29 + 2j- D g, (1) = 0

i.e.

. qg+7-1 . +n—j
CDile, e — 12 o i(guj- 1 |2c1yle, e L0
p+q+n-1 p+qg+n-1

. . +j-1
+ (=D (29 +2j-1) [c2+(—1)1_q__’____ c1]=0,
p+q+n-—-1

The LHS reduces to [2(p + g + n)(g + j - 1)/(p + g + n = 1)lc,. Therefore ¢, =0,
whence ¢, = 0, which implies g, =g,=0. Q.E.D.

Lemma 4. [ ] annibilates no form of the type u = Eqag:(r)l//‘('_ Daln-1y
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Proof. The same reasoning as in Lemma 3 shows that it suffices to consider

g(r)

r

/\
sa-1 — - -
— =] E (- 1)“'"zdz Aeeodz oo NdZ .
i=1

u=8MY 1) gm1)=

Since ;'{"l;i is harmonic, if [ Ju = 0 we would have g(r)/r = c. The boundary
condition, by Lemma 1, is (-1)?~!c + (~-1)""Y2g+22-3)c =0, ie. c=0. Q.E.D.

Lemma 5. [ ] is injective on @7 for j> 0.

Proof. We have already noted that [ | annihilates no forms of the type g(r)¢
or g(r)y A Jr, and Lemmas 3 and 4 show that [ | annihilates no forms in the
orthogonal complement.

We are now ready to state the solution of the 9-Neumann problem:

Theorem 2.

/;;m(r)qs:qi}pqma v {fgq_ml)z (r) l/lgq(i—l)/\ Jr}

B\ Gi=D1y=13(7G=11 ()44
v 227 D=1 (Dbs 1 ama

v 242 )=/ (gl A an

pam pqm bgma

is a complete orthonormal basis for @7 consisting of eigenforms for 2[ ] with
eigenvalues ()\71 )2 ()\(" 12y2 ()\(”‘1)1)2 ()\’2 )2 respectively. (In q!
(respectively ('f -1 /orms of the type (// A or (respectzvely @) do not occur, and
in @" only forms of the type Y A dr occur.)

Proof. We need only show completeness; everything else follows from the
foregoing discussion together with the remark that the ranges of d and D are
orthogonal.

Let @1’1, _(_T]z’ and @’3 denote the spaces of forms of types ¢, ¢ A dr, and
g.¥ + 8,9 A Jr respectively. Then (fj @i @j are mutually orthogonal and
invariant under [_], and @3 @’ @’. We have already seen that {f’
spans @71 and {/;;;1)2(7)1/;”, /\ar pama
the other basis elements span 3, which amounts to showing that 8(@’ =1 A Dom 9)
+ b(&’ *1'A Dom ©) is dense in (f’ Since [ ] is injective (Lemma 5) and self-
ad)omt its range is dense. Therefore given u € @7 , we can find L vy, v, v,
in @7 (because @7 is mvanant) such that u = lim (Dv ) = hm(&bv + Haov )
By Lemma 2, bv € @’ ! and 61/ € @7 +1. by construction, bv € Dom F) and
51/ € Dom b, and this is what we needed. Q.E.D.

qu( )¢qu bgma
spans @’ It remains to be shown that

Corollary. The basis elements of Theorems 1 and 2 (if we take b“ = ¢

in Theorem 1) form a canonical basis for @" @7 in the sense of Kodazra and
Spencer [s1.

pgq0
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The reader may find it reassuring to see the forms 8([pqm(r)¢pq]) and
b(qum(f)slqu] A dr) expressed as 3a, 1"'ijd A.-. ANdz, where the a; i
are sums of homogeneous harmonic polynomals muluphed by appropriate Bessel
functions, so that it is directly obvious that these forms are eigenvectors for 2[_].
To accomplish this we use two well-known recursion formulas for Bessel functions,

namely

(d/ dx) (x""]#(x)) =- x'“]#ﬂ(x),

J l(x) + ]u.+1(x) = (2u/x) ]#(x) (cf. Watson [17, p. 17]).
Applying these to the expressions for a(/pqm(r)¢pq]) and b(qum(f)l,[lqu Adr) in

terms of the dzl. s, we obtain (modulo a normalizing constant)

a(/pqm(r)¢Pqi)
a+i  \ ol
Pam 2—p—g-n

7= W NEI12ldz Ao AdE,
p+qg+n- :

ptqtn—-2"pgqm

17
bam _,_p_gq 1 -49-1,0p
- ]p+q+n(Ap;mr) 297127
. j+1 . n
+n-j- +
Lt il SV SN L3 R 3 I N
p+qg+n- 1 p+q+n—1]+2
AR P
£ Z D12z, d7 A e dEeNdEAGE,
i=1 a=j+2

and

B(f12 (D, A I7

bqm

. P+ n—j .
— (=1t _ j2 2-p-g-n 12 3910 g3 A,
=(-1) <p+ e 1> qum’ Jpigin— 2(/\pqmr) z; dz A /\dE’.

2 —n—p— 2
N T g N NEITIZE
. p+n ! g+j-1 o\ -
7+l —
1D <p+q+n— Z z; = PP Zzizl. a’zl/\.../\dzj
1 i+l
+Z Z(—)’ 1zza’z/\ /\dz/\d-

171 a=j+1
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Thus each of these is the sum of a term of harmonic type (p, g¢— 1) and one of
harmonic type (p + 1, q). Note also that a factor of A appears in each term, as
we expect from the canonical basis property.

In particular,

b/ P32 (D 1y ginry AOD

(-1)gm
) (n—1) - ~
(r=1)2 \—n—g+1} n—1)2 yzq—1 -1z g2 AL
(=1)gm” q+n_1()‘ am D21 E( D7 Z,dz A dz e NdZ

i=1

(n—1)2 r-—n—q“'l]

(= 1)am A GOy

qtn— 1)am

by
1) are harmonic of type (0, q) and

Indeed, we could have derived this expansion for the forms g(r)gb(_l)q (n-1)
observing that the coefficients of W 1)g (n—
using the boundary condition Y%f'(1)+ (g + » — 1){(1) = 0 where f(r) = (1/7)g(7).
The recursion formula x]#(x) + y]#(x) =x],_ (x) shows that this boundary con-

dition is equivalent to the boundary condition f(1)= 0 for /(r)x/l(__ Daln-1) Adr.

3. Distribution of the eigenvalues. The estimates for the eigenvalues of [ ]
are obtained from facts about the zeros of Bessel functions (Watson [17, Chapter

XV]). We summarize the main results in a theorem:

Theorem 3. (1) For some constant ¢ = c(p, q, j), )\ =c+mn+ O1/m),
and for some constant ¢ = c(p + q), )&’ 2 =c+mn+ @(l/m)
Q) Let v=p+gq+n-1, H=¢q - p+2]-n+1 Then

Wl +2)%<N2 <@+ D+ 2%
W+ 2)% <Al <Q@+D@+3)%ifH20,

v+ 2+ 1L1))‘/2<)u'1 <Qw+Dw+H)% if-v<H<O,

(w+ Dl +3)N%< )\gél <@+ )W+ )% (for which H=-v).

Proof. With v, H as above, )\’lm is the mth positive zero of )\]1'/()\) + HJ (N,
and )\’zm is the mth positive zero of | (A). The asymptotic formulas of (1) for
these zeros were derived by C. N. Moore [12].

Denote by ;, (] ) the smallest positive zero of Ju (] ). Then }‘pql
and since ] (A), ] ()t) are positive for small A and then‘ zeros are mtertwmed

we have / < )\7; <] provided H > 0. Also, for H = — v, the recursion formula
ML) - v]V()\) = Mv+1()‘) shows that )tp(l)l jy,1- The estimates for )\JP;I, )\;;l

(H > 0), and )\2(1)1 then follow from the estimates for iy ]# in Watson [17, p. 486].
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For the case — v < H <0, we use higher recursion formulas. First
AL + HT A = v+ B ] A) = AT, ().

Since v+ H >0 and ], (A) = M1 + O(A2)], it follows that AJ.(N) + HJ ,(N) > 0

for small A, whence )\7!’;1 < j;. Next,

2w+ DA + H, ] = -A2]V+2(z\) + 20+ D@+ H) = AT (.

Setting A= A;Ll, the LHS vanishes; however, since Al it fol-

N} . .
ks o pql<]v<7vi7v+2’
lows that ]V()\Jpq P >0, ]V+2()\]pq ) > 0. Therefore we must have )‘;ql <

(2(v + 1)(v + H))%. Finally,

Mop,W =020+ D+ H=-2w+ D+ 2@+ H/A1] N
~l1-20+ D@+ /X210 ) + H (W]

Setting A = )\;’z 1> the second term on the RHS vanishes. If )\;LI <+ 2w+ %,
the RHS would be <HJ (M) < 0; but (v + 2)(w + H)# <v + 2<j! . so the
LHS would be positive; contradiction. Q.E.D.

Corollary. [] has closed range; and if j> 0, [] is surjective on ({'. More-
over, the Neumann operator N (defined by N =0 on the null space of || and

N= D'l on the orthogonal complement) is compact.

Proof. (2) implies that all nonzero eigenvalues of 2[ ] are > n, so the restric-
tion of [ ] to the orthogonal complement of the null space is bounded below and
hence has closed range. [ ] is therefore surjective for j > 0 by Lemma 5, $2.
Moreover, (2) implies that the inequaﬁt;es )\;;m <cor Asz < ¢ can hold only when
(2(p + g% < ¢ (the worst case being )\;; 1> and (1) then implies that there are
only finitely many eigenvalues less than any fixed c. The eigenvalues of N being
the reciprocals of the eigenvalues of ||, the spectrum of N is discrete with only zero
as a limit point. Since each }t’!;lqm, Azzm is the eigenvalue for a finite-dimensional
space (namely an irreducible representation space of U(n)), it follows that N is

the norm-limit of operators of finite rank and hence compact. Q.E.D.

4. The 9-Neumann problem on an annulus. The theory of §1 and §2 can be
easily adapted to give the solution of the J-Neumann problem on the annulus A 0
={z € C™: p<|z| <1}, 0<p < 1. The functions f(r) will now be general cylinder
functions,

()= rl-"_p_q[clj l()\r) +c,Y 1()\r)],

ptatn— btatn-—
and we will have to impose an additional boundary condition at r = p:

pf " (0)/2+(g+ ) [(p) =0
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for forms of type ¢ and [(p) = O for form of type iy A dr. The operator
d?/dr? + [(2n+ 2p+ 2q = 1)/r)d/dr

is nonsingular on the interval [p, 1], so the ordinary Sturm-Liouville theory (cf.
Coddington and Levinson [2, Chapter 7]) guarantees the existence of complete
eigenfunction expansmns for the f(r)’s. Thus we obtain numbers )\71 (p),
)\x]m(p) and corresponding functions f’ qm(p, 7, /pqm(p, 7) which yleld a complete
orthogonal decomposition of the spaces @A ) just as in Theorems 1 and 2.

The main difference is in the harmonic spaces. If b bq is a harmonic poly-
nomial of type (p, gq), then h and r2(1-n—2-a)), g 3re both harmonic on Ap, so

2(l=n—p— -a)

for A= 0 we must take f(r) =c  +cr It is easy to see that no such

[(r) can satisfy the boundary condltlons
' /2+@+)fAD=0 (G<n-2)

or f(r)=0 atboth r=1 and r = p, except for the case g =j =0 when f(r) = <,
works; thus there are no harmonic forms of the types ¢ or 4 A dr except for the
harmonic space of functions which we have already found for p = 0. Lemma 3 of
§2 also remains valid, although the linear algebra in the proof becomes rather
more formidable. Lemma 4, however, breaks down: g(r) = r3=27-24 gaisfies the
boundary conditions given by Lemma 1, so we obtain an infinite-dimensional har-

(-1)g(n~1)ga
no surprise, considering the behavior of the d, complex. It is also indicated by

monic space in @"'I(Ap) spanned by {r?~27-24y,4 } . This comes as

the general theory of the 9-Neumann problem since the basic estimate of Kohn [6]
for Ap fails to hold for j =0 and j=n 1.

We do not have precise results about the eigenvalues corresponding to Theo-
rem 3, since the equations defining the A(p)’s are considerably more complicated.
In fact, in the notation of Theorem 3, if F (A, ) = A, (A7) + HJ (A7) (respective-
ly F;(\, 1) =], (M) and F (A, r) = XY (A7) + HY (}\r) (respectively F (A, 7) =
(p)) is

Y ()\r)) then the equation for A7l (p) (respectively A2

pgm pqm

F (A DF,(A p) = F (A, p) F,(A, 1) =0
We can state the following proposition:

Theorem 4. The functions A;lqm(p) and )\zlm(p) are continuous on the half-
open interval [0, 1).

Proof. Continuity at 0 follows from Theorem 3.1 of Coddington and Levinson

[2, Chapter 9], since the operator
d?/dr? + [(2n+ 2p + 29 - 1) /7] d/dr

is of limit-point type at 0. Continuity on (0,1) follows from Theorem 4.1 (ibid.),



1972] THE TANGENTIAL CAUCHY-RIEMANN COMPLEX ON SPHERES 129

as this theorem works equally well when the equation is nonsingular at the end-
points. Q.E.D.

Unfortunately, to obtain the qualitative results of $3 a stronger result such
as equicontinuity of the Mp)’s is necessary. However, indications are quite
strong that the qualitative behavior of the 9-Neumann problem for p > 0 is the

same as for p = 0 except for the existence of the extra harmonic space.

5. Sobolev estimates for [_]. We now return to the complete unit ball. From
the general theory of the- 3-Neumann problem it is known that l«lls,; S H[::u"s <
||u||s+2 for u € @ NDom([)), j > 0. Our investigation of the d, complex, in
which the Laplacian Db satisfied the same estimate, showed that the strength of
Db on u depends on the spherical harmonic decomposition of u : Db is strongest
on forms with p — g = const. and weakest on forms with p = const. or ¢ = const.
We are therefore led to expect that [ ] may exhibit a similar behavior, except that
it is likely to be less symmetric in p and g. Indeed, this seems to be the case.

The search for a precise relationship between [ ] and the Sobolev norms is
unfortunately beset by a series of technical difficulties which will become appar-
ent, so our results are rather incomplete. However, we are able to shed some
light on the most essential features of the situation. We can display infinite-
dimensional subspaces of @ (0 <j <7 - 1) on which ||[ J¢|| < l«| , (whence
Il ~ |||, for > 1 by general theory), and these spaces occur with g = const.
(On @” the J-Neumann conditions coincide with the Dirichlet conditions, which
are coercive; cf. Dunford and Schwartz [3, §XIV.6). Hence||[Ju|| ~ ||, on
(".) Moreover, we show that || Ju|| ~ ||, on the subspace of @ with p =
q + 2j.

First we consider functions, where we naturally restrict our attention to the
orthogonal complement of the harmonic space. The technique is to compare the
9-Neumann problem with the coercive d-Neumann problem. Thus let A denote the
selfadjoint extension of the Laplace-de Rham operator — 42(02/(721.651.) deter-
mined by the boundary condition (du, dr) | _, =0. For u € Dom(A) we have

(A%u, A% ) = (Aw, w) = (du, du)~|ull,

(provided u is orthogonal to the constants), so by continuity |A”u| ~ ||« , for
u € Dom(A%). More generally one can show that Dom(A®’?) is a closed sub-
space of H_, and A®/2: Dom (AS/?)C H, — L?isa topological isomorphism.
However, we will see from the proof of Lemma 2 that, for s >3/2, H_nN Dom ()
¢ Dom(AS/?), so this method will not yield higher s-norm estimates for [ |.

The eigenfunction decomposition of @° for A proceeds just as in $1. The
d-Neumann problem does not respect the complex structure, so only the total de-

gree k= p + g of the spherical harmonics is relevant. If we look for a solution of
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A - p? = 0 of the form [(r)b, where b, is a harmonic polynomial of degree &, we

l—n—le] (#’).

get the modified Bessel equation as before and hence [(r) = cr k-1
The boundary condition is f'(1) + £f (1) = 0; equivalently /,L]r'”k_ l(y) +
(1- ] () = 0. We denote the positive roots of this equation by p, , pt 5 **»
and the corresponding f’s (normalized as usual) by /kl’ /kz’ «++, Theorem 3
gives the behavior of the pu,,’s, taking H=1 - n.

The first thing we notice is that for p = ¢ the d-Neumann and d-Neumann

conditions coincide. Hence
. . 01 3,
Lemma 1. If u is in the span of the fppmbpp s, 1200l = |Ax| ~ ||« ,.
The next step is to compute the change-of-basis matrix from the [ |-eigen-

. al . . . 01 _ 01 _
basis to the A-eigenbasis. For brevity we shall write qum = Npam’ /pqm = /pqm’

v=p+q+n—-1, H=q-p-n+1, K=1-n Then if bpq is a harmonic poly-
nomial of type (p, ¢) with [ |bpq|2= 1, we have
n

Aqul = (/pqm(r) bpq’ /kl(r) bpq)
fol ]v(hpqm’) ],,([iklr)ra'r

) [f()l ]v()‘pqmr) 2 dr.foljy(#kl’) Zfd’] " .

Using formulas from Watson [17, pp. 134—135] together with the boundary condi-

tions, we find

(4= D100 10D

1 ,
fo ]v()‘pqmr)]u(“klr) rdr = 22 2 (a4 0),
pam ~ PRl
1 1 HZ — 2
fo ]v()‘pqm’)z'd’=§ T, Qg |1+ V2 |
A
pqm
1 1 K2 -p2
fo ]V(uklr)zr dr = -2- ]y(#u)z 1+ —Z—V— ,
Fri
and so
2|9 -p|
|A ll = (9 # p)
PO A2 = kL + (B2 =0 /N2 AL+ (K7 = v D/ 1% ’
Appm1= 3.1

Lemma 2. qum(r)bpq € Dom (A %),

Proof. We have
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fpamMPpq = ,E A pgmt (kDb g
=1

SO

o0
% -
A (qum(r)hpq) B ; "klquml/kl(')bpq
and it suffices to show that the latter sum converges in L2, i.e

(]
2
IZ PrrlApgmi]? <o
=1

Since K2<v?, the term 1+ (K2 - vz)/yil is less than one and increases as
| — o, Therefore

00

2 2
Z y‘kllquml|
=1

2_.27-1 2_ 27"l 2
<2|q-p| 1+H__V. 1+§___V_ Z__kf___

2 2 N2 22

pgm iy k=1 1Ypgm Fri

But ”kl" cp +lm+ O(1/D) by Theorem 3, so for sufficiently large I,
l‘kz/l)‘pqm #iﬂ 2 < (2Im)?/(*4lm)*, and thus

< “kz o 1
Z — <c ) ——=<= QED.
121 g g = i 121 (m)

The following lemma provides the crucial step:

Lemma 3. If u is in the span of {f
I s Ny

Proof. By Lemma 2, it suffices to show that ||2|:](qu 1(r)bpq)“ <

1 . . >}
c||A/‘(/pql(r)bpq)|| with ¢ independent of p. Well, 27 _, |At’qll|2 =1 by the
Parseval theorem, so

1203/, 4,5, )12

VY "‘“
qul A pql Z |At"llll IZFH lAtqull
u 1

ra 1(’)bpq: 0< p <o, q =const. £ 0}, then

)\4 A4

pal .
Zﬂkt|qu1z|
#lel 1-1 Hr1

AL, g (Do, N %
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But by Theorem 3,

)\4

2 <20+ B+ DI2=[49(p+ g+ n)]?

for p sufficiently large so that H <0, and

P+ R +D=(p+p+rg+n+ D).

From this it is clear that A;ql/yil < const. as p — . Q.E.D.

It is essential to take m = 1 in this lemma. One can easily see that qul <
By <Apg2 <Hpoy<::+, sothatall the qum' m > 1, are reasonably large. The
bad behavior is caused by the smallness of the first eigenvalue when g — p < 0.
(When g = 0, of course, the first eigenvalue is actually zero.)

A more thorough investigation of the coefficients quml should yield more
precise estimates for [ |. However, this seems to depend on some rather delicate
and abstruse gstimates for qum and p,,, which are beyond the range of the pre-
sent author’s expertise.

We now apply the above results to forms of the type /(r)¢>;q]. with j > 0.
Each coefficient in qb;q]. is a homogeneous harmonic polynomial of type (p, g).
Since we may define the 1l-norm of a form to be the square root of the sum of the
squares of the 1-norms of its coefficients, Lemma 2 provides the method for cal-
culating the 1-norm of /(r)qﬁpq]. The numbers )\’ , satisfy the same estimates
as )\011 (with v + H = 2g + 2j); therefore Lemma 3 has an exact analogue:
||[:](/pq1(r)¢pq])|| <c "/pql(’)¢pq7“ with ¢ independent of p when g = const. We
have

Theorem 5. Suppose u € @ A Dom (), j> 0. Then |[Ju| ~ ||, when u
is in the span of {/pq l(r)¢pq7 pa (g = const.), and || Ju| ~ ||u||, when u is in
the span of {/(q+21)qm¢'(q+21)q1}qma or in the span of {/pqm(r)‘/’pq(z A&rSqua

Proof. The first assertion follows from the preceding observations and the
fact that [l«||, < ||[J|l for ;> 0. The 9-Neumann conditions for forms of the
type /pqm(r)qqu with p = g + 2j coincide with the d-Neumann conditions for
their coefficients, and for forms of the type /pqm(r)(/qu(J /\ dr they coincide
with the Dirichlet conditions for their coefficients. Since, as we have remarked,
both of these are coercive, the theorem is proved. Q.E.D.

It should be true more generally that [|[_Ju| ~ [l«||, for « of the type
/(r)¢;qj, p — q = const. A possible approach would be to show that the boundary
conditions f'(1)+ (p + g + ¢){(1) = O for functions of the type /(r)bpq, where ¢
is independent of p and g, define a coercive problem, but we have not worked
out the details. It is also probable that the estimates which hold for forms of the
type /()¢ and /()¢ A dr also hold for those of the types /() and
5(/(Né A ), respectively. However, the latter forms are not directly amenable to our
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methods, since their coefficients are not homogeneous harmonic polynomials. We

therefore leave these assertions in the realm of conjecture.
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